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We define a Task-based Constraint as Formulation M+ hy— A= f (7) Reformulation
O(g) = z(?), (1) The Dynamically Consistent Inverse of a Jacobian where | By pre-multiplying the configuration dynamics with P, obtain-
where ¢t is time, x € R"" the task position, and ¢ € R" the A is the matrix G that satisfies the condition M, A (AM_lAT)T — ATMA (8) ing PMG - P ) 1)
. . . . e . . T | — P(r—h).
configuration position. leferen"tlatlrig. Eq. (1) twice leads to AM (In —A'G )7'* =0, (3) s the task space inertia matrix, and with 7, 2 A h— M, Ag and f 2 A 7., ndl Eq. (2) with R obta?nin
Ag =1 — Aq, (2) valid for G = A& M TA"(AM A", where A | ) © Y
where = and ¢ are the task and configuration accelerations, and Al is the pseudo-inverse of A. (I, — P)g = Al(& — Aq), (12)
A € R™" is the constraint Jacobian. Fig. 1 illustrates various C ' D .. | and combining them both in different ways, we get
Task-based Constraints and Fig. 2 categorizes it. ontrol Decomposition Task Space Dynamics M.j=P(r—h)+ C, (i — Aq) (13)
Ve 7\ T J
r=A"f+P'r, (4) o
= T A /, MY = PM + (I — P) CW = — AT
where P = I, — AA. T M2 = M+ PM + (PM)" C? = —MA!
: - MB) = PMP+(I—P)M(I—P)|C'® = —(I —2P)MA’
Equivalence O -
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Analytical dynamics solution equivalence: L:“ O. l l
O
G=MTAT( M +he — f))+ M (7 = h) Cé) v/ Q M. & PM+ R(I - P) C. 2 _RA
:z(fz’;—AQ)Jr?M_l(T—h) LL ’(;Dag
; p - s Equivalence
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Fig. 1: lllustration of various Task-based Constraints, such as: physical constraints, (% =) 8_ Analytlcal dynamlcs solution equwalence:
motion tasks, and behaviours. Examples include: (a) using contacts for bipedal TCU \Q_;E q _ [Mc—lRAT ](Q? o Aq) 4 [Mc_lp](’f o h)
locomotion; (b) keeping the balance while holding a jar of water; (c) having a compliant M ultiple Task_based O S
behaviour while following a given trajectory; (d) and robots with closed kinematic loops. C t _ t "é’ % g | ).7/—(
rheonomic constraint b OnsLialints §- 8 - (QZ N AC]) T [PM_l ](T N h)
®,(q,t) =0
[qTask_based Constraint [ By stacking two constraints as A = [AlT AQT}T: N
. perational Space _ o _ P . . c o e .
D(g) = =(t) Formulation [3] o M, —A Al M, 5 = Condition Number Minimization
scleronomic constraint : _—zQTAlTM1 M, | K The R™ that minimizes x(M,), where x(.) represents the con-
Dy(q) =0 Projection-based ith diti b : ' b
Dynamics [1] wit Ition numpber, IS given by
M, = (1411[)2]\4_1141T)Jr \- j RY) = ul, — PM. 4)

Unconstrained Dynamics

. J

(1
for some u € R such that {0,,;,(PMP) # 0} < pu <
Omaz(PM P), where o(.) represents singular values.

M, 2 (AP M A])

Fig. 2: Categorization regarding underlying equality constraint. Where a rheonomic ) ] )
- : sarEing yine SR and the dynamically consistent inverse

constraing is a time dependent constraint, a scleronomic constraint is a time independent

- 1 #T
constraint, and a Task-based Constraint is a time dependent constraint with decoupled ZT _ MlAlP?M : ZAS Al - (6)
__ 1 = : - - 2 -
dependence on the configuration ¢ and time . M2A2P1M A# _ U nCOnStraIHEd DynamICS ¢ 10
o
e
' # ! # ! - . . . . : . =
where we define A" and A} as the partial The equation of motion of an unconstrained system in the configuration space >
Ref dynamically consistent inverses. By partitioning i 5
ren _[fT Tl : o . . : T a0l
ererences f=1\fi fo| ,and making Ay =0, & =0, and M(q,)d, + h(q,, d.) = 7. (9) E W0
R — ]n, we get n . - - . . . .
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