INAPPROXIMABILITY OF COUNTING HYPERGRAPH COLOURINGS
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ABSTRACT. Recent developments in approximate counting have made startling progress in developing
fast algorithmic methods for approximating the number of solutions to constraint satisfaction problems
(CSPs) with large arities, using connections to the Lovasz Local Lemma. Nevertheless, the boundaries of
these methods for CSPs with non-Boolean domain are not well-understood. Our goal in this paper is to
fill in this gap and obtain strong inapproximability results by studying the prototypical problem in this
class of CSPs, hypergraph colourings.

More precisely, we focus on the problem of approximately counting g-colourings on K-uniform hy-
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pergraphs with bounded degree A. An efficient algorithm exists if A < ‘ZLKT (Jain, Pham, and Vuong,

2021; He, Sun, and Wu, 2021). Somewhat surprisingly however, a hardness bound is not known even for
the easier problem of finding colourings. For the counting problem, the situation is even less clear and
there is no evidence of the right constant controlling the growth of the exponent in terms of K.

To this end, we first establish that for general g computational hardness for finding a colouring on
simple/linear hypergraphs occurs at A > KqX, almost matching the algorithm from the Lovasz Local
Lemma. Our second and main contribution is to obtain a far more refined bound for the counting problem
that goes well beyond the hardness of finding a colouring and which we conjecture is asymptotically tight
(up to constant factors). We show in particular that for all even g > 4 it is NP-hard to approximate the
number of colourings when A > qK/ 2. Our approach is based on considering an auxiliary weighted
binary CSP model on graphs, which is obtained by “halving” the K-ary hypergraph constraints. This
allows us to utilise reduction techniques available for the graph case, which hinge upon understanding
the behaviour on random regular bipartite graphs that serve as gadgets in the reduction. The major
challenge in our setting is to analyse the induced matrix norm of the interaction matrix of the new CSP
which captures the most likely solutions of the system. In contrast to previous analyses in the literature,
the auxiliary CSP demonstrates both symmetry and asymmetry, making the analysis of the optimisation
problem severely more complicated and demanding the combination of delicate perturbation arguments
and careful asymptotic estimates.

1. INTRODUCTION

Constraint satisfaction problems (CSPs), such as g-colourings and k-SAT, are perhaps the most-well
studied problems in computer science. We consider the case where the number of appearances of
variables (also called degrees) is bounded by some absolute constant. For this class of CSPs, the Lovasz
local lemma [EL75] is a classical tool in combinatorics that provides sharp degree thresholds under
which the existence of solutions to CSPs is guaranteed. After a long line of research [Bec91, Alo91,
MR98, CS00, Sri08, Mos09], Moser and Tardos [MT10] showed that, under the same conditions as the
local lemma, an efficient algorithm exists to find a solution. One remarkable aspect of this algorithm
in the case of the bounded-degree k-SAT problem is that it gives up to lower order terms [GST16] the
location of the algorithmic threshold for finding solutions [KST93], as the degree varies.
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A related computational problem that has been intensively studied recently is to efficiently sam-
ple or approximately count solutions,' instead of merely finding one. Under local lemma type condi-
tions, there are some barriers, such as the connectivity barrier, for traditional approaches to approx-
imate counting and sampling. Recently, there have been some surprising developments that man-
aged to bypass these barriers, making great progress towards a sampling version for the local lemma
[Moi19, GJL19, GLLZ19, FGYZ21, FHY20, JPV21b, JPV21a, HSW21]. However, there is no sharp thresh-
old established in the sampling setting yet.

A major difference between searching and sampling is that sampling can be computationally harder
in the local lemma settings. For example, for K-CNF formulas where each variable appears at most A
times, if A < gTIZ + 1, then there must be a satisfying assignment, and it can be efficiently found; yet
if A > 5-2K/2 there is no algorithm to sample or approximately count satisfying assignments unless
NP = RP [BGG*19], even when all variables appear positively (the monotone case). For monotone K-
CNFs, the threshold 25X/2 is sharp up to constants, because Hermon, Sly, and Zhang [HSZ19] showed
a complementary efficient algorithm for A < ¢2X/2 where c is a constant.

Our goal in this paper is to detail how this “sampling-is-computationally-harder” phenomenon man-
ifests into local-lemma-type hypergraph problems with non-boolean domain and which are not nec-
essarily monotone, and to make progress towards carving the computational thresholds for sampling
problems in the local lemma setting. Among the more recent algorithmic developments, the most
promising one to establish a computational transition is the problem of counting hypergraph colour-
ings, which was the original setting where the local lemma was developed [EL75]. For a hypergraph
H = (V,E), a proper g-colouring o : V. — {1,2,...,q} assigns a colour to each vertex, such that no
hyperedge is monochromatic under o. Suppose further that H is K-uniform and A is the maximum

degree of H. In this setting, an efficient sampling algorithm exists if A < i:;; 2 [JPV21a, HSW21],
where < (and similarly, 2, <) hides logarithm or other lower order terms.

Somewhat surprisingly, despite being a canonical and well-studied problem, not much is known
regarding the computational hardness for bounded-degree hypergraph colourings, even for the search
version. Thus we first show that it is NP-hard to find a proper hypergraph colouring if ¢ > 2, K > 2
(but not ¢ = K = 2), and A > KX (see Theorem 2.2), and to approximately count if ¢ > 2, K > 4,
and A 2 KqX~! (see Theorem 2.4). These bounds almost match the algorithmic Local Lemma thresh-
old. In fact, Theorem 2.2 and Theorem 2.4 still hold when restricting to simple® hypergraphs. If we
restrict monotone K-CNFs to simple hypergraphs, the condition of the aforementioned algorithmic
result [HSZ19] improves to A < % In view of this result and the searching algorithm [MT10], it
seems reasonable to conjecture that the sharp hardness threshold (for both approximate counting and
searching) in simple hypergraphs is A > ¢X~', up to some polynomial factors in K. Our hardness
result almost matches it.

Our second and main contribution is a more refined hardness result for approximate counting and
sampling, stated as follows.

Theorem 1.1. Letq > 4 be even, K > 4 be even, and A > 5¢X/2. It isNP-hard to approximate the number
of proper g-colourings in n-vertex K-uniform hypergraphs of maximum degree at most A, even within a
factor of 2°" for some constant c(q, K) > 0.

A few remarks are in order.

o First, the threshold in Theorem 1.1 is far more refined than the corresponding theorem (The-
orem 2.2) for the searching problem. The exponent of the sampling threshold we achieve is
roughly half of that of the threshold for the searching problem, which is analogous to the afore-
mentioned (monotone) K-CNF example [BGG*19]. Interestingly, and in contrast to the K-CNF

1 Approximate counting and sampling are often computationally equivalent, for example in the so-called “self-reducible”
settings [JVV86]. The local lemma setting is typically not self-reducible. However, reductions still exist [FGYZ21, JPV21b]
between approximate counting and sampling without degradation of the parameters.

%Note that in [JPV21a, HSW21], their A is the degree bound for the dependency graph, which is at most A(K — 1) in our
setting.

3A hypergraph is called simple (or linear) if the intersection of any two hyperedges has size at most 1.
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case, our colourings threshold is getting close to matching the constant in the exponent in the

algorithmic threshold of A < % [JPV21a, HSW21]. We conjecture that our hardness thresh-
old is asymptotically tight (up to constant factors), namely that for all ¢ > 2 and K > 2, there is
an efficient algorithm to approximately count the number of proper g-colourings in K-uniform
hypergraphs whenever A < /2.

e Second, our result applies to only even K for K-uniform hypergraphs. This is due to a par-
ticular halving construction we use in the reduction. The hardness results for (monotone)
K-CNF [BGG*19] allow hyperedges with sizes at least K. This is a stronger assumption and
our hardness bound would still apply without changing the order. In fact, we expect a slight
variant of our construction to work for odd K to achieve a threshold of the same order. (See
Remark 3.2.) As we explain soon, the details for even K are already very complicated, so for
clarity and simplicity we did not pursue the odd K case.

e Lastly, our result applies to an even number of colours g, which is analogous to hardness results
for counting in the graph colouring setting [GSV15]. It was left as an open problem in [GSV15]
to handle odd g (see also the recent work [CGSV21]), and we met the same difficulty in our
setting as well. Our hardness proof for counting builds on ideas from [GSV15], and we focus
on the challenges needed to refine them in the hypergraph setting (rather than addressing the
parity of q). We expect that substantial new ideas are required to resolve the parity of g, even
in the graph setting.

In order to show Theorem 1.1, we first reduce from an auxiliary weighted binary CSP, namely a
“spin system” in graphs. Basically, we replace each vertex of the graph by a cluster of K/2 vertices
in the hypergraph, and an edge by a hyperedge of size K. This construction is identical to the one in
[BGG*19], via which one reduces from weighted independent set in graphs to hypergraph independent
sets. However, in order to reduce to the hypergraph g-colouring problem, the variables of the weighted
binary CSP take q + 1 possible values. There are g values that correspond to “pure” colours, and one
special value that corresponds to a “mixed” state. The interactions among these g+ 1 states are dictated
by the hypergraph colouring problem, and the mixed state behaves very differently from the pure
colours; roughly, the pure colours behave symmetrically (as in the graph case) but the mixed state
causes asymmetry.

Our next and main step is to show the desired hardness result for this spin system. We follow an
established route of establishing inapproximability for spin systems [DFJ02, MWW09, Sly10, CCGL12,
SS14, GSV16], and in particular [GSV15], where the key is to understand the system on random regular
bipartite graphs which are used as gadgets in the reduction. More precisely, we need to analyze what
are the most likely configurations of the system on random regular bipartite graphs, the so-called
dominant phases (given by the normalised counts of the colours on each side of the graph). It was
shown in [GSV15] that these are captured by a certain matrix norm of the interaction matrix. These
norms are in general very hard to penetrate analytically and it was already a major difficulty in the
perfectly symmetric setting of [GSV15]. For us, the presence of a special spin together with g symmetric
spins makes our spin system very different from all of the spin systems analyzed before and the mixture
of symmetry and asymmetry make the analysis substantially harder. For example, in [GSV15], to show
that the two parts of the graph are unbalanced, a simple Hessian calculation suffices, whereas in our
setting, there are Hessian stable balanced phases due to the presence of this special spin (that can
be favoured against the others). Also, being Hessian stable means that this phase is locally maximal,
making perturbation arguments hard to carry out. What we do instead is to directly compare this
phase with the dominant phase via a careful interpolation path and a sequence of delicate estimates.
This reflects the main difference between our work and previous works, namely that our estimates and
perturbation arguments are significantly more delicate in order to rule out the local-maxima.

The main open problem left is to close the gap between the algorithm of [JPV21a, HSW21] and
our hardness threshold, Theorem 1.1, although we expect that any progress towards a computational
transition threshold now would come from the algorithmic side. Another open problem is to handle
the odd g case in Theorem 1.1 and similarly in [GSV15]. When q is odd, the current perturbation-based
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analysis cannot determine, among a few candidates, which phases are dominant. New ideas would be
required to handle the odd ¢ case.

2. HARDNESS FOR FINDING COLOURINGS IN SIMPLE HYPERGRAPHS

In this section we show hardness results for finding hypergraph colourings for parameters beyond
the local lemma condition. The key is to find instances that do not have proper colourings.
We will use a configuration model to construct random regular hypergraphs. With constant proba-
bility, the resulting hypergraph is simple [CFMR96, PP19]. Frieze and Mubayi [FM13] showed that if
1

q>c (102 X ) ¥ for some constant ¢ = c¢(K) that only depends on K, then any simple K-uniform hyper-

graph with maximum degree A is g-colourable. In particular, their condition holds if A < cKgX~'Ing
for some constant ¢ = ¢(K). Our next lemma complements their result by showing as an intermediate
result that if A > Kg¥~!In g+ 1, we can find a K-uniform hypergraph with maximum degree A which
is not g-colourable. For our reductions, we use such hypergraphs to obtain a “disequality” gadget, as
detailed in the lemma below.

Lemma 2.1. Letq,K > 2 be integers. Then, for all integers A > Kq¥~1In q+1, there exists a g-colourable
K-uniform simple hypergraph H with maximum degree A and two distinct vertices u,v such that the
degree of u is 1, the degree of v is at most A, and for every q-colouring o of H it holds that o(u) # o(v).

Proof. We firstargue that forall A > KqX~!In g there is a A-regular hypergraph Hy such that Z,,;(Hp) =
0, where Z.,;(H) denotes the number of g-colourings in H.

Let n be such that m = nA/K is an integer. We sample a K-uniform A-regular hypergraph H accord-
ing to the following pairing model (see [PP19]). Start with a bipartite graph with the points [n] X [A]
on the left and the points [m] X [K] on the right, and pair the two sides using a uniformly random
perfect matching; the vertex set of the final hypergraph H is obtained in the natural way by projecting
the set [n] X [A] onto [n]. Note that it will be convenient to view the hyperedges of H for now as
ordered tuples rather than sets; this does not make any difference when considering colourings of H
due to the symmetry among possible ordering of the colours within the hyperedge. It is a well-known
fact, see for example [CFMR96, Lemma 2] or [PP19, Theorem 2.4 & Appendix A.4], that the probability
that H is simple is bounded away from zero for all sufficiently large n.*

For a colouring o : [n] — [q], a colour i € [q] and a K-tuple of colours i = (iy,...,ig) € [q]%, let
na; be the number of vertices with colour i, and mf; be the number of hyperedges whose vertices are

coloured according to i (i.e., the j-th vertex of the hyperedge takes the colour i;). Let & = {ai}ie[q]
and B = {Bi}ic[4)x, and note that (e, B) € Sq, where S is the space of all pairs of vectors in R? x RI"
satisfying

(1) Zie[q]ai =1, Zie[q]Kti,i,Bi = Ka; fori € [q]

a; >0forie[q], pi=0forie [q]K, Biii...iy =0fori € [q],

where for i € [g] and i € [¢]K

Then, we have

1 n m
ElZeor(H)] = (An)! Z (aln,...,aqn) (ﬁlm,...,ﬁqu) l—[ (Aain)?,

(a,ﬁ)esq;naezq,mﬁeZqK i€[q]

we denote by t; ; the number of occurrences of colour i in the tuple i.

since a term in the sum corresponding to (e, ) accounts for the number of ways to choose ¢ and H
with vertex-colour frequencies given by the vector & and edge-colour frequencies given by the vector
B. Using Stirling’s approximation (27k)"/?(k/e)* < k! < ek'/?(k/e)¥ that holds for all integers k > 1,
we obtain by expanding the terms inside the sum (note that there are at most n? *4 of them) that

(2) E[Zeot ()] < n® exp (n max, Fla, B))

q

“We remark that the term “simple” has different meanings across the literature. A simple hypergraph in this paper actually
corresponds to a configuration without 4-cycles in the context of [PP19, Theorem 2.4] (where one should plug in £ = 2), or a
hypergraph without 2-cycles in [CFMR96].
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where F(a, B) = —(A - Vh(a) + %h(ﬂ) and h(-) is the entropy function (here, we adopt the usual
convention that 0In0 = 0 which makes h and F continuous and therefore the maximum in (2) well-
defined).

For (a, B) € S4, we have that a; = %Zie[q]xti,iﬂi for i € [q], and hence

F(a,B) = h(a) + gG(a, B) where G(@, B) = h(B) — Zic(q) In(@) T iciqixtiibi

Note that for a fixed vector «, the function G4 (f) := G(a, f) is concave and the method of Lagrange
multipliers yields that the maximum of G, happens at B = {f}} ¢4« that satisfies

g - [Ticiq (@) [Ticrq) Viv#(ii....i

It follows that
3) F(a, f) < h(@) + $In(1 - lllf) < In (q(1 - 7)),

where the last inequality follows from h(a) < Ing and ||a||§ > 1/¢X~1, both of which are simple
applications of Jensen’s inequality. For A > KqX~!lng, the rh.s. of (3) is negative and therefore
max (g g)es, F(a, f) < 0. From (2), we conclude that Z,;(H) = 0 with probability 1 —exp(-Q(n)). By
a union bound, we obtain a simple A-regular hypergraph H, with Z.,;(Hp) = 0, as claimed.

To obtain the final hypergraph H with the desired property, we invoke an argument in [GG16,
Lemma 28] (which in turn was inspired by [KST93]). We give the details here for completeness. Given
Hy, = (V,8) with Z.,;(Hy) = 0, we can remove hyperedges from & one by one until removing any
more hyperedge makes Z.,;(H) > 0. Call the resulting hypergraph H; = (V, &;). Clearly H; is simple
and has at least one hyperedge.

Choose an arbitrary hyperedge e € &). Let S C e be the set of vertices with non-zero degree in
Hj —e. If S = @, then e is disconnected from the rest of the graph. Thus as H] is not g-colourable,
removing e would not make the hypergraph g-colourable. This contradicts to the minimality of Hj and
thus S # @. Denote the vertices in S by vy, . . ., v;, and the vertices in e \ S by v;44, . . ., vx. We construct
i simple hypergraphs Hy, ..., H; where for 1 < j < i, in H; we introduce new vertices uy, ..., u; and
replace the hyperedge e by e; := {uy,...,uj,0j41,...,0x}. By minimality of H; again, Z.;(H;) > 0 as
e; is disconnected from the rest of H;. Thus we can find the smallest j > 1 such that Z.,;(H;) > 0 and
Zeol(Hj—1) = 0 (or Zo;(Hy) = 0 if j = 1). For any proper colouring o of H}, if o(u;) = o(v;), o would
be a proper colouring of H;_;, contradicting to the above. Thus it must hold that for any colouring o
of Hj, o(u;) # o(v;). This is the hypergraph required by the lemma, with u = u; and v = v;. Moreover,
the degree of u; is 1, and the degree of v; is at most A. O

) . %
= forie [q]X, Gq(B*)=In(1- ||a||§)
1- ek

Lemma 2.1 leads to the following hardness result, where we lose a factor 2¢q in the degree bound
due to the reduction. We note that for ¢ = 2, K = 3, A = 4, and simple hypergraphs, NP-hardness
is known [DD20]. However, the main point of the next theorem is that there is a degree bound that
scales roughly as gX and makes the problem NP-hard.

Theorem 2.2. Let q,K > 2 be integers with (q,K) # (2,2). Then, it is NP-hard to find a q-colouring on
a K-uniform simple hypergraph of maximum degree at most A, when A > 2Kq¥ Inq + 2q.

Proof. For q > 2, we reduce from the problem of finding g-colourings in graphs whose degrees are
bounded by 2q. The latter problem is shown to be NP-hard by [EHK98]. Given a graph G, we replace
each edge (u,0) of G by the hypergraph in Lemma 2.1, where u and v are identified with the special
vertices in the hypergraph. Then each such hypergraph is effectively a disequality for the colours of
u and v. Call the resulting hypergraph H. Thus G is g-colourable if and only if H is g-colourable. The
maximum degree of H is 2q(KqX~'Ingq + 1).

For g = 2 and K > 2, using two copies of the hypergraph from Lemma 2.1, we build an “equality”
gadget, i.e., a simple hypergraph H of maximum degree A < 2(KgX!'lng + 1) = K2KIn2 + 2 with
distinct vertices u, v which both have degree 1 such that for every g-colouring ¢ it holds that o(u) =
o(v). It is well-known that finding 2-colourings of K-uniform simple hypergraphs is NP-hard (or we

can use for example [DD20]), and using the equality gadget H, for any K-uniform simple hypergraph F,
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we can construct a K-uniform simple hypergraph F’ of maximum degree A such that F is 2-colourable
ifand only if F’ is 2-colourable. One possible way to do so is replacing each degree-d vertex w of F with
a cycle of length d and then replacing each edge e of the cycle with a distinct copy of the hypergraph
H using u, v for the endpoints of the edge e; then, for each hyperedge of F that uses w, in F’ we use
instead one of the d vertices of the cycle. O

Note that the result of Frieze and Mubayi [FM13] is also algorithmic. Thus Theorem 2.2 is sharp for
simple hypergraphs up to a factor cq where ¢ = ¢(K) is a constant depending only on K. For general
K-1

hypergraphs, the algorithm of Moser and Tardos [MT10] applies in this setting when A < egK—_l), in

which case Theorem 2.2 almost matches the algorithmic result, up to a factor of cK?qIn g where c is a
constant.

For approximate counting, we can avoid the loss of the factor ¢ when g > 2 and K > 4. For a g-by-q
matrix B = {Bj;};jc[q], the partition function for the g-spin system with interaction matrix B in a
graph G = (V, E) is given by

(4) Zp(G) = >, wi(o),

o:V—{1,...q}

where wt(0) = [[(y,0)cE Bo(u)o(v) is the weight of an assignment ¢ : V. — {1,..., q} of the g spins
to the vertices of G. In particular, the g-state antiferromagnetic Potts model corresponds to the case
where B is the matrix whose off-diagonal entries are equal to 1, whereas the diagonal entries equal to
some parameter B < 1 (note, B = 0 corresponds to g-colourings).

We will use the following hardness result about the Potts model. A fully polynomial-time randomized
approximation scheme (FPRAS) is an algorithm that takes the accuracy ¢ as an extra input, outputs an
e-approximation, and runs in time polynomially bounded by both the instance size and 1/e.

Lemma 2.3. There is a constant C; > 5 such that, for any integers q > 2, A > 2Ciqlnq, and B <
1- Cqulnq, there is no FPRAS to approximate the q-state antiferromagnetic Potts partition function Zp in

graphs with bounded degree A, unless NP = RP.

The proof of Lemma 2.3 is quite a detour from the problems we focus on, so we postpone it to
Section 5.1. We note that Lemma 2.3 is weaker than the inapproximability result in [GSV15, Theorem
1.2], which achieves B < 1 — % but only holds for even q. We want to deal with general g, and thus
settle with this weaker version.

Theorem 2.4. There is a constant C; > 5 such that, for any integersq > 2, K > 4, and A > C;KqX~'Ing,
unless NP = RP, there is no FPRAS for the number of q-colourings in K-uniform simple hypergraphs of
maximum degree at most A.

Proof. We reduce the partition function of the g-state antiferromagnetic Potts model with B = 1 —
m in graphs with bounded degree A to the problem of counting g-colourings in K-uniform simple
hypergraphs of maximum degree at most A. Note that if K > 4 and A > C;KqX~!Inq, where C; is
from Lemma 2.3, then B < 1 - Cqulnq. Thus the reduction implies the theorem via Lemma 2.3.

The reduction goes as follows. For each edge (u,v) in a A-regular graph G = (V, E), we replace it by
a gadget using the hypergraph H in Lemma 2.1, whose degree bound is Ay = KgX~!In g+1. To be more
specific, we introduce new vertices wy; and w,. We add three copies of the hypergraph H with special
vertices (u, wy), (wa, wy), and (o, wy), respectively. Do this for all edges in G. Then, the degrees of u
and v are still A, the degrees of wy’s are at most 2A¢ < A, and the degrees of w,’s are at most Ag+1 < A.
All other newly introduced vertices have degrees at most Ay < A. Thus, the degree requirement is met.
Call the resulting hypergraph Hg.

To finish the reduction, we claim that

Zeot(Hg) = CE1Z5(G),

where C is a constant depending only on H. First notice that for any pair of colours i and j, the

number of colourings ¢ of H such that o(u) = i and o(v) = j is a constant, due to the symmetry

among colours. Denote this constant by Cy. Thus, in the gadget above, when the two endpoints u and
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o have different colours, the number of possible colourings for the gadget is ((g—2)?+(g—1))C3; when
the two endpoints u and v have the same colour, the number of possible colourings for the gadget is
(g —1)(g — 2)C;. The claim holds with C = ((¢ — 2)* + (¢ — 1))C5. m]

In Theorem 2.4, we could avoid the large constant C; in the degree bound by using [GSV15, Theorem
1.2] as the starting point of our reduction, but doing so will restrict the result to even q only.

For K-CNFs on simple hypergraphs, Hermon, Sly, and Zhang [HSZ19] showed an efficient approx-
imate counting and sampling algorithm if A < Cé—f, where c is a constant. In view of their result,
Theorem 2.2 and Theorem 2.4 are potentially sharp for simple hypergraphs, up to some polynomial

factor in K.

3. REFINED INAPPROXIMABILITY FOR APPROXIMATE COUNTING

In this section we show our main theorem, Theorem 1.1, namely a refined inapproximability result
for counting. As mentioned earlier, we will do this by first relating it to a multi-spin system on graphs
with “antiferromagnetic” interaction matrix B, and then establishing inapproximability results. It is
tempting to pursue a strategy similar to that of Lemma 2.3 to show hardness for the spin system
defined by B. However, that strategy relies on hardness of finding the maximum weight configuration,
and somewhat surprisingly, as we shall see soon, that problem for B is trivial. Instead, we need sharper
tools from [GSV15].

To define the spin system on graphs we will be interested in, we only need to specify its interaction
matrix B (recall (4)). We use [g] to denote {1,..., g} and [g] to denote {0, 1,...,q} . Let t := (¢ —q)"/%,
where k := K/2, and B = {B;;},; je[g| be the matrix with block form

2 11T
) B- [ ]
noJ

where J is the g X ¢ matrix with 0s on the diagonal and 1s elsewhere, and 1 is the g X 1 vector with all
ones. In the language of [GSV15], the matrix B is antiferromagnetic and ergodic.’

Let H be a K-uniform hypergraph, where K = 2k is even, and recall that we use Z.,;(H) to denote
the number of proper g-colourings of H. For any given A-regular graph G = (V,E), let H; be the
hypergraph where every vertex v € V is replaced by k new vertices vy, . .., v, and each edge (u,0) is
replaced by a hyperedge {uy, ..., ux, v1,..., 0} of size 2k. Then Hg is 2k-uniform and A-regular. This
construction has been used in [BGG*19], and yields the following lemma in our case.

Lemma 3.1. Let G = (V,E) be a A-regular graph, and Hz = (V',E’) be the 2k-uniform hypergraph
constructed as above. Then, Zg(G) = Z.,;(Hg).

Proof. Let Qp be the set of all assignments ¢ of G whose weights are non-zero. Let Q.,; be the set of
all proper g-colourings 7 of H. We will construct a surjective mapping ¢ between Q.,; and Qp, such
that for any o, |(p_1(0)| = wt(o). This implies the lemma.

The mapping ¢ is as follows. Given 7 : V' — {1,2,...,q}, let

i ifr(v) =7(vy) =---=1(vg) =iforsomel <i<g,

0 otherwise.

¢(7)(0) = {

We first show that ¢ is surjective. Let o € Qp and we construct 7 € Q. such that ¢(7) = o. For any v

such that o(v) # 0, 7(v;) = o(v) forany 1 < i < k. If 6(v) = 0, then let 7(v;) =1 forany 1 <i < k -1,

and 7(vy) = 2. It is easy to verify that 7 is a proper g-colouring and ¢(7) = o for this construction.
Next we calculate |q0_1 (a)|. Let ny(o) be the number of vertices assigned 0 under ¢. Then

o™ ()] = (¢“ - q)

no(o)

5Antiferromagnetism amounts to checking that B has all but one of its eigenvalues negative; it is not hard to see that B
has —1 as an eigenvalue by multiplicity g — 1, and therefore using trace/determinant we see that the other two eigenvalues
have sum equal to g — 1+ t? and product —t2. Ergodicity amounts to the fact that B is irreducible and aperiodic.
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On the other hand, since G is A-regular,

)no(v)

wt(o) =t = (q" -q =o' (0)],

which verifies the properties of ¢. O

Remark 3.2. For odd K, we may consider a similar construction, but in addition to clustering half of
each hyperedge as a single vertex, we leave one vertex in the middle which appears only in this single
hyperedge. The resulting spin system would have a different matrix B’, but the difference between B’
and the current B is not too much in the sense that the zeros would be replaced by small constants. We
expect that we may obtain a hardness result for B’ for A of a similar order. However, since the details
are already getting very complicated, we will only handle B in the rest of this paper.

Given Lemma 3.1, all we need to show is that the spin system with interaction matrix B is hard to
approximate on A-regular graphs, with A in the desired range. For this, we will use a result by Galanis,
Vigoda, and Stefankovi¢ [GSV15, Theorem 1.5] which gives a sufficient condition in terms of studying
a certain function (that can be formulated in terms of an induced norm of B). Note that since t > 1 the
corresponding optimization problem related to B is trivial. Thus, we cannot use a strategy similar to
that of Lemma 2.3 to show hardness for the spin system defined by B.

The main construction in the gadget to show the hardness is the bipartite random A-regular graph.
Let (e, B) be a pair of vectors such that for i € [g], @; and ; denotes the fraction of vertices with colour
i on the left and right sides of the bipartite random regular graph. If we draw a sample o proportional
to its weight wt(o), then with high probability over the choice of the random graph, the fraction of
colours («, ) will be from one of the dominant phases, for all but an exponentially small probability.
Analyzing these dominant phases lies in the heart of [GSV15, Theorem 1.5].

Let G, denote the family of A-regular bipartite graphs with n vertices on each side. For a bipartite
graph G uniformly drawn from G, and probability vectors & = {a;}ic(q], B = {Bi}ic[q], We use Zg’ﬁ(G)
to denote the total weights of assignments whose fractions of colours on the two sides are given by
a, B respectively. Consider the function ¥; that captures the exponential growth of the expectation of

ZZP(6), ie.,

© #i(. f) = lim ~logEg, 757 (G)]

The function ¥; has a relatively explicit form (see [GSV15, Section 2]) using entropy-style functions
though the exact details are not going to be important and we will in fact use a surrogate function later
on (see Section 4).

Before stating the main result of [GSV15], we need some further terminology. A dominant phase
(a, B) is a maximizer of the function ¥ (e, f) and captures the most likely configurations for the
spin system with interaction matrix on a random A-regular graph. A dominant phase is called Hessian
dominant if the Hessian of ¥; is negative definite. Finally, two dominant phases (a1, f1) and (a2, f2)
are permutation symmetric if there is a permutation matrix P such that B = PBPT and (e, B1) =
(P, PBy) or (e, Bi) = (PPBs, Pary). Now we can state [GSV15, Theorem 1.5].°

Proposition 3.3 ((GSV15]). Let A > 3 be an integer, and suppose that B is an ergodic interaction matrix
of an antiferromagnetic spin system. Suppose further that the dominant phases (a, B) satisfy a # B, are
permutation symmetric and Hessian dominant. Then, it is NP-hard to approximate the partition function
Zg(G) on n-vertex triangle-free A-regular graphs G, even within a factor of 2°" for a constant ¢(B, A) > 0.

The key ingredient in the conditions of Proposition 3.3 is the condition that & # B; this enables a
reduction in [GSV15] to the Max-CuT problem; the Hessian dominance and the permutation symmetry
condition are more on the technical side, but is one of the main reasons that complicates the overall
arguments (this was already prevalent in [GSV15]).

The main challenge to show our inapproximability results is to establish the conditions of Proposi-
tion 3.3 for B and the relevant range for A, which is the scope of the following lemma.

6Technically, [GSV15, Theorem 1.5] demands the assumption NP # RP but that is merely to exclude randomised algo-
rithms, the reduction itself is deterministic.
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Lemma 3.4. Let q > 4 be even, k > 2, and A = 5¢* + 1. Then the dominant phases of the spin system
with interaction matrix B (defined in (5)) satisfy the conditions of Proposition 3.3.

Theorem 1.1 follows from Lemma 3.1, Proposition 3.3, and Lemma 3.4. It remains to analyse the
dominant phases of B and establish Lemma 3.4, which is the focus of Section 4.

4. ANALYSIS OF THE DOMINANT PHASES

In this section we analyze the dominant phase. We will state the main lemmas in this section and
in Section 4.1. However, because the calculations are often very heavy, many of the lemmas are not
immediately proved. The sections in which their proofs appear can be found in Table 1 at the end of
Section 4.1.

Let g, A > 3 be integers. To prove Lemma 3.4, we need to analyse the function ¥; from (6¢). The
function ¥ turns out to be inconvenient to work with, but there is a simpler surrogate function ¢
from [GSV15] that we can use. For vectors r = {Ri}ie[g) and ¢ = {Ci};c[g) With nonnegative entries,
let

r"Be
il llell,
It is not hard to see that for the matrix B defined in (5), the critical points of ® satisfy the following
equations:’

(7) &(r,c) =Aln , where p = A/(A - 1).

d d
Ry oc td(l’Co + Z Cl) , Rjo (l’C() + Z Cl) forie [q],

jelqlij=#i jelqlij#i
8) 4 4
Co o td(tRo £y Ri) . G« (tRo £y Ri) for j € [q,
ie[qli#j ic[qlii#j
where t = (¢ — ¢)"/% and d := A — 1. The equations in (8) are often called the “tree recursions”,

because they are the same as the recursion for marginal probabilities on an infinite d-ary tree. Note
that 1 <t < 1.0312 for any q > 4, k > 2 and d > 5¢*. The connection between the functions ¥; and ®
is detailed in the following result from [GSV15], applied to our setting.

Proposition 4.1 ((GSV15, Theorem 4.1]). Let g, A > 3 be integers, and let p = A/(A — 1). Then, the
local maxima of ® and ¥, happen at critical points, i.e., there are no local maxima on the boundary. The
transformation (r,¢) — («, f) given by a; = Rf/||r||§ and f; = Cf/||c||§ fori € [q] yields a one-to-one
correspondence between the critical points of ® and ¥;. Moreover, for the corresponding critical points
(r,c) and (@, B) it holds that ¥, («, B) = ®(r, c).

The function @ is still multi-dimensional (2q), but fortunately we can reduce its dimensions signifi-
cantly down to 11 by studying the structure of fixpoints to the system (8). A first observation is that
R; < R; implies C; > Cj, and R; = R; implies C; = C;, where i, j # 0. The next lemma is similar to
[GSV15, Lemma 7.6].

Lemma 4.2. Let (R, Ry, -+ , Ry, Co, Cy, -+, Cy) be a positive fixpoint of (8). Then the number of distinct
values in {Ri}1<i<q and {Ci}1<i<q is at most 3.
Proof. LetR = Y1 R;andC:= Y7 C;. Suppose all variables are normalized so that Ry+R = Co+C = 1.
Then for any i € [g], we have that

Rl' _t_d((t—1)C0+1—Ci)d_t_d((t_1)+c()_1—Ci/CO)d_t_d(l 1 (1 Rl' )d)d

Ry (t-1)Co+1 ) ~ (t-1)+Cyt - tdcr\" RyR'J )

where ¢’ = (t—1)+C;'and R’ = (t — 1) + R; . Let x = (R;/Ry)"? and note that x € [0, 1]. Then the
(1 xd)d) — x. We have that

above equation becomes f(x) = 0, where f(x) :=t7! (1 .

tdc’\" TR
1/(d-1) x4
/ o d-1 _ — d? _
f (x) T (g(x)) 15 Where g(x) T (td+1R/C/) (1 R, )x

"Here, and elsewhere, we use the notation x; o y; for i € [q] to denote that x; = Ay; for i € [q], for some arbitrary A.
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Note that g(x) > 0 on the interval [0, 1] because x¢ = g—(’; < (t-1)+R;' = R. Using that (g(x))? "1 -1 =
(g(x) = 1)(g(x)?72 + ... + 1), we therefore obtain that the roots of f’(x) = 0 can only come from the
roots of g(x) — 1, which has at most two roots by the Descartes’ rule of signs. Hence f”(x) changes its
sign at most twice in the interval of [0, 1] and f(x) has at most 3 roots over [0, 1], showing that the
R;’s for i € [q] can only be supported on three different values. The statement for the C;’s follows by
an analogous argument. O

The above lemma motivates the following definition.

Definition 4.3. Let (R, Ry, -+, Ry, Co, C1, - - - , Cy) be a positive fixpoint. We call the fixpoint m-supported,
if the number of distinct values in {R;}1<;<q is m, where m € {1, 2,3}. We call the fixpoint is of type
(91, 92, g3) where q1 + q2 + g3 = g, if the multiplicities of different numbers in {R;}1<i<q are qi1, 92, g3
respectively.® In case that the fixpoint is 2 or 1-supported, let one or two of g;’s take zero respectively.

From now on we may also abuse the notation R; (also C;, i = 1, 2, 3) by absorbing all the same values,
and hence R; stands for the value that q; of R’s (except Ry) take, rather than the value of R on the first
index in the fixpoint.

The main lemma of this section can be stated as follows.

Lemma 4.4. Suppose ¢ > 4 is even, k > 2 and d = 5¢*. The maximum of ¥, over (q1,qs, q3)-type
fixpoints is attained uniquely, when (q1, g2, q3) = (q9/2,q/2,0).

We also need to prove that 2-maximal triples (q/2, q/2,0) yield unique r and ¢ (up to scaling and
permutation), and that the corresponding maxima are Hessian dominant.

Lemma 4.5. Suppose q > 4 is even, k > 2 and d > 5¢. The fixpoints of type (q/2,q/2,0) are unique up
to scaling and permutation symmetric. In addition, they are Hessian dominant maxima of V.

Lemma 3.4 follows immediately by combining Lemmas 4.4 and 4.5.

4.1. Restricting to three values. In order to prove Lemma 4.4, we need to determine which type of
fixpoints maximizes ¥;. By using Proposition 4.1, the value of ¥; corresponding to such a fixpoint in
(8) can be given by the matrix norm (7), which can be seen to be equal to

g(q, T, C) =
(9) (@d+1)In (R0C0t2 + (23, qiR) Cot + (X2, iCi) Rot + (22, qiRi) (22, 0:Ci) — (B2, qiRiCy) )
~dln (Réd“)/d + 35 ql-Ri(d“)/d) —dln (Céd+1)/d i3 qici(d+1)/d) .

Where we define the vector r = (Ry, Ry, Ro, R3) and ¢ = (Cy, C1, Cs, C3). It is worth noting that this
function is scale-free with respect to r and c, as this property will be used intensively in our later
proofs.

The discrete optimization of (9) over all fixpoints of the tree recursion (8) is difficult to cope with.
Instead, we then try to maximize (9) over all nonnegative q and }.>_, ¢; = ¢, wishing the maximum to
be taken at integer q. This is the main reason such approach can only deal with even gq.

For all q = (g1, 92, g3) with q1 + q2 + ¢3 = ¢, q; = 0, define

(10) ®(q) = max®3(q, r,¢)

where the maximum is taken over r = (R, Ry, Rz, R3), ¢ = (Cp, Cy, Cs, Cs) satisfying

RoCot? + (X1 qiRi) Cot + (2=, ¢iCi) Rot + (27, qiRi) (X1 4:Ci) — (21, aiRiCi) > 0,

(11) .
R,«,C,- > 0,1 :0,1,2,3.

Our first step is to verify the maximum in (10) is well defined, and moreover, the maximum in
maxq ®(q) can also be taken. This is formalized by the next lemma.

8Any permutation over g1, gz, g3 is considered equivalent. E.g., (q/2,¢/2,0) and (g/2,0,q/2) are regarded as the same

type.
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Lemma 4.6 ([GSV15, Lemma 7.10]). The maximum in (10) is well-defined. In addition, maxq d(q) can
be attained in the region where q; + q2 + q3 = q,q; > 0.

Proof. The argument is verbatim the same as in [GSV15], the only difference is that the function has
slightly different form, but still accounts for the relevant parameters g1, g2, qs. O

The next trouble we may encounter later is that we are now dealing with all possible r, ¢ conditioned
on (11), instead of just fixpoints of (8). The good news is that, in contrast to [GSV15], we can rule out
fairly easily that the maximizer in (10) is at the boundary.

Lemma 4.7. For all triples q = (q1, q2, q3), any maximizer in (10) satisfies (a) Ry, Cy > 0, (b) for any i
such that q; > 0, it holds that R;, C; > 0, and (c) for distinct i, j such that q;,q; > 0, it holds that R; = R;
if and only if C; = C;.

The problem in [GSV15] that also appears in our setting is that it might be that g;, q; > 0, but R; = R;
and C; = C;. For example, imagine we are now strengthening the restriction (11) by adding Ry = R,
and C; = C,. Then ®(q; + g2, 0, g3) < ®(q1, g2, g3). Such degenerate case makes it difficult to compare
between different q triples because the equality can be taken. This motivates the next definition.

Definition 4.8. Let m = 2,3. A triple q is called m-maximal, if exactly m g;’s in q are non-zero, and
there exists r, ¢ maximizing (10) such that, g;,q; > 0 and i # j imply that R; # R; and C; # C;. We also
call ¢ maximal if it is either 2- or 3-maximal.

Now we connect m-maximal triples with fixpoints in (8).

Lemma 4.9. Suppose a triple q is m-maximal. Then there exists r, ¢ achieving the maximum in (10) and
specifying an m-supported fixpoint of tree recursion (8) of type q.

For 2 and 3-maximal triples, the key is the next lemma.

Lemma 4.10. Suppose q > 4 is even. Then the following statements hold:

(a) There does not exist any 3-maximal triple that maximizes (10).
(b) The only possibility of a 2-maximal triple to maximize (10) is (q/2,q/2,0) or its permutations,
with R;/R; = C;j/C;, where i # j are the two indices such that q;,q; = q/2.

The above lemma is not yet enough to finish the proof of Lemma 4.4 because we have to rule out
degenerate cases of all triples, i.e., the triple (q,0,0). This is the main difference with the colour-
symmetric setting of [GSV15]. Instead, we have the special colour corresponding to (Ry, Cy), which
makes the system behave like a 2-spin system when all “pure” colours take the same fraction. What is
worse is that, it is possible for the 2-spin system to have three fixpoints (two of them being symmetric),
when the tree recursion lies in the so-called “non-uniqueness” region (see Section 4.4). Therefore, we
need to discuss such fixpoints by two different cases.

Before continuing the discussion, let us state another useful result from [GSV15]. A fixpoint x of a
mapping f is Jacobian stable if the Jacobian of f at x has spectral radius less than 1.

Proposition 4.11 ([GSV15, Theorem 4.2]). A fixpoint of the tree recursion (8) is Jacobian stable if and
only if it corresponds to a Hessian dominant local maximum of ¥;.

The first kind of fixpoints satisfy Ry/R; # Cp/C;. As stated in the next lemma, such a fixpoint is
Jacobian stable, and hence it is a possible candidate to be the maximizer in maxq ®(q). Though the
proof of stability is not necessary for our main theorem, we still leave it here for future references.

Lemma 4.12. Supposed > 5¢*. The fixpoint corresponding to triple (g, 0,0) and Ry/Ry # Co/Cy is unique
up to scaling and swapping R and C. Moreover, it is Jacobian stable.

For the reason above, we can only go through a very detailed calculation to rule out this case. The
equality in d = 5¢* from the next lemma is for the sake of simplification in calculation.

Lemma 4.13. Suppose d = 5¢~. Any fixpoint corresponding to triple (g,0,0) and Ry/R; # Co/C; does
not maximize (10).
11



On the other hand, when Ry/R; = Cy/Cy, things become easier as such fixpoints are not Jacobian
stable. Thus, by Proposition 4.11, these fixpoints do not correspond to local maxima of ¥.

Lemma 4.14. Suppose d > 5¢~. Any fixpoint corresponding to triple (q,0,0) and Ry/R; = C,o/C; is
Jacobian unstable.

Now we are ready to prove Lemma 4.4, which given the above ingredients can be done by following
closely a related argument in [GSV15]. The main complicacy in the proof is that when we find a
maximizer q of ®(q), the corresponding r (or c) values are not necessarily distinct. We need to carefully
rule out these degenerate cases.

Proof of Lemma 4.4. Denote MAX := maxq ®(q). We first claim that MAX is attained at 4 = (g/2, ¢/2,0),

and q is maximal. Assuming the claim, Lemma 4.9 yields that there exist t, ¢ with ®(q) = ®5(§, 1, ¢),
specifying a (q/2, q/2,0)-type fixpoint of the tree recursion (8). Hence MAX = max ¥;. To show that
q is the unique type of fixpoint achieving the maximum of ¥;, consider an arbitrary q*-type fixpoint
achieving the maximum of ¥y, say (r*, c*). Then q* must also achieve the maximum in maxy ®(q). By
Lemma 4.13, q* # (g,0,0) and hence it is maximal according to Definition 4.8 (using (r*, c*) as the
maximizers; Recall Definition 4.3 that R; # R, C; # C; for i # j and g;,q; > 0). Therefore we can apply
Lemma 4.10 and obtain that q* = g.
It remains to prove the claim above. Let q* be any maximizer of max, (q).

(1) q* has at least two positive entries. This is a consequence of Lemmas 4.13 and 4.14 (after using
Proposition 4.11).

(2) In case q* has exactly two positive entries, then q* must be maximal. Otherwise, suppose
q" = (91,92, 0) and the maximizer in (10) is achieved at r*, ¢* where Ry = R; or C; = C;. By
Lemma 4.7 (c), both equalities are true and hence ®(q*) = ®((g, 0,0)), contradicting item (1).

(3) In case q" has exactly two positive entries, it must holds that q* = §. This is from item (2), and
Lemma 4.10 (b).

(4) If q* has all positive entries, then it cannot be 3-maximal. This is from Lemma 4.10 (a).

(5) If q* has all positive entries, then ®(q*) = ®(q). This can be proved by the following argument.
Let r*, ¢* be the maximizer corresponding to q*. By item (4), q* is not 3-maximal, and using the
argument of item (2), there exist distinct i, j > 1 such that R; = Rj and C; = C; in r*, ¢*. Let
k > 1 be the remaining index.

- If R; = Rj = Ry, then by Lemma 4.7 (c), C; = C;
contradicting item (1).

- If C; = Cj = Cy, then by Lemma 4.7 (c), R; = R; = Ry, and hence d(q*) = @(q,0,0),
contradicting item (1).

- IfR; # Ry and C; # Cy, we can “merge” the indices i, j to get anew triple q" := (g;+q;, gk 0).
Let r’ := (Ry, Ri, Ry, 0), ¢’ := (Ry, Ci, Cx, 0). Then

Ck, and hence a(q*) a(q, 0,0),

B(q") = D5(q", 1, ¢") = B5(q, ', ¢') < B(q)).

This means that q is also a maximizer of maxg ®(q) since q* is a maximizer. However, q’
has exactly two positive entries. Hence by item (3), ®(q*) = ®(q’) = D(q) .
The above arguments imply that for any maximizer q*, it holds that ®(q*) = ®(q§), which means that §

is indeed a maximizer. This also indicates all items above apply to q* = §, and from item (3), we obtain
that q is 2-maximal. This concludes the proof. O

Before diving into the proofs of all the lemmas above, we want to mention the following observation.

The partial derivatives 995 /dq;, conditioned on r and ¢ achieving the maximum in (10), can be written
as follows. (Note that it applies to all triples q, including non-maximal ones.) Based on these partial
derivatives, we can argue the non-optimality by perturbing g;’s.
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Proposition/Lemma Section

Lemma 4.10 Section 4.2
Lemma 4.5 Section 4.3
Lemma 4.12, Lemma 4.14 | Section 4.4
Lemma 4.13 Section 4.5

Lemma 4.9, Lemma 4.15 | Section 5.2

Lemma 4.7 Section 5.3

TaBLE 1. The sections where the lemmas are proved

Lemma 4.15. Suppose r, ¢ achieve the maximum in (10). Then for any i € {1,2,3} such that q; > 0, it
holds that

aq)_s RiCOt + Rocit + (d — l)RiCi + Ri ( 3:1 qu]') + Ci (Z?:l quj)

i RyCot? + (Z§=1 quj) Rot + (233:1 quj) Cot + (Z§=1 quj') (Zjll quj) - (Z§=1 chjq])

Moreover, if there exists i, j such that q;,q; > 0 and i # j and satisfies 8@/8(1,- - 8<1>_5/8qj # 0, then the
maximum in (10) is not achieved.

Unproved propositions and lemmas in this subsection can be found later. We make a list of where
they are proved.

4.2. 2,3-maximal Triples. Let q be a maximal triple and let I = {i | ¢; > 0}. From Lemma 4.7 (a) and
(b), by taking partial derivatives of ® with respect to non-zero R; and C;’s and setting them to 0, we
get that the maximizer of ®° satisfies

(12) R(l)/d oC Cotz + (q1C1 + q2C2 + q3C3)t, Rll/d oC Cot + q1C1 + q2C2 + q3C3 — C,‘ forice I;
(13) C;/d oC Rotz + (q1R1 + quz + q3R3)t, Cll/d oC Rot + q1R1 + quZ + q3R3 — Rl‘ foriel.

First assume q is 3-maximal, for any i # j it holds that R; # R; and C; # C;. From Lemma 4.7 (a) and
(b), we may assume the following strict ordering

(14) Ri>R;,>R;>0 and 0<C; <Cy<Cs.
Lemma 4.16. Suppose R;’s and C;’s satisfy (12), (13) and (14). We have the following:

(a) IfRi/Rs # C3/Cy, then 6@/8@ - 8@/86}3 # 0.

(b) IfRy/Rs = C3/Cy, then d9°/dq;, — a9 [dq; # 0.

For the sake of convenience, we further set
rd == Ry/Rs,r? := Ry /Rs,rd := Ry/Rs, and ¢ := Cy/Cy, c = Cy/Cy, ¢d = C3/Cy.

which means
(15) ri>ry>1 and c¢3>c¢ > 1.

We will need these notations in later sections too. With them, from (12) and (13), we obtain that

i’ ~ c(‘)lt2 +(q1 + qzcg + qgcg)t ~ r(‘)it2 + (qlrf + qgrzd +q3)t
( ) ro = d d 1 4’ Cy = d 1 4 4 .
cot + g1 +gach + (g3 — 1)cf rot+ (qu— Drf +qery +qs
d d d d d d
(17) "= C0t+q1—1+Q2C2+Q3C3 rot+qiry +qer; +q3—1

s C3 = >
cit +q1 +qz¢5 + (g3 = Deg rot+ (g = Drf +qry +gs
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Proof of Lemma 4.16. From (12) and (13), we get

d
rn—1_¢5—1 ricd —1-c4(ry - 1)
(18) ! ; & yielding that r, = —> ) 2
-1 c§ —c5 c§ -1
Similarly, we obtain that
d d d
c3—1 ri—1 rées —1—co(ré —1
(19) R , yielding that r¢ = -2 o ),
-1 rd_pd c3—1

c(‘f t+q1+(q2—1) cg+q3 cgi
cgl t+q1+q- cg+(q3 - l)cd

From (12) and (13), we have that r, = which combined with (18) gives that

c(‘)lt +q1+(q2 — 1)cgl + qgcg B rlc (rl - 1)
cgt +q;+ qzczd + (g3 — 1)c‘37l -1

(20)

Symmetrically we obtain that

(21) rgt+q1rf+(q2_l)cg+q3_r1d3_1_r2(c3_1)
rgt+(q1—1)rf+q2cg+q3 rf—l

We can view (20) and (21) as a linear system in ¢; and g3 after clearing the denominators, which yields

that

1-rc? 1—c3r
22 rded —1) =t + zcd+#—cd rdt + 2rd+4 ,
163 ot T q26; 3 |Tol +q2l;
r—1 c;—1
1-ric 1-ric
23 rded — 1) =t + oF. +—13—rd cr+ ch_'_#’
163 ol T qoh; 1 |Ct T 26
c3—1 ri—1
From (12) and (13), we also obtain that
d d
-1 c; — 1
d, _ " d d d 3 d d
(24) r0t=cl_1—(ql—l)rl—q2r2—q3, c0t=r _1—q1—q2c2—(q3—1)c3.
We can now show the following:
(25) if r; = c3, then (i) r, = ¢y, (ii) g1 = g3, and (iii) ry = co.

The proof of (i) in (25) is identical to that in [GSV15, Lemma 7.20] using the expressions for ry, rg in
(18) and (19), respectively. From (i) and the assumption that r; = c3, we obtain from (22) and (23) that

(26) s —q1 = (r§ 7
Furthermore, the equations in (16) can also be regarded as a linear system in ¢; and g;. Using the
assumption r; = ¢3 and r; = ¢;, we obtain that

t [(rg - cg)t2 + (rocg - corg + c(1)+d

e+ (1 = e = (1o = o)
(ro = 1) (co =) (r{ = 1) |

which, together with (26), implies ry = ¢y and hence q; = ¢3. This finishes proving (25).
We are now ready to give the proof of Lemma 4.16. For part (a), Lemma 4.15 yields that

qs —q1 =

005 _ 505 1 d d d d d d
31 g5 S ~ Dt +q+ — (5 —D)(rft+qs+
dqg1  dq3 S (1 )(egt +q1+c3q2) — (c5 )(rit +qs +75q2)

+(d_1)(r1 _C3)+rlc3(q3 q1)+rfq1—c§lq3 .

where S > 0. Then plug in the expression of g; and g3 in (22) and (23), we get

DS acps ,
(27) _ _g(rl c3)
6q1 3q3 S
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where g(ry,¢3) == (r1 — C3)(I’1d - 1)(c§ -1)—d(ri—1(c3— 1)(rf - cS‘.i). This quantity was shown to have
the same sign as r; — c3 (see Equation (123) in the proof of Lemma 7.19 in [GSV15]), and specifically,
non-zero when r; # c3, concluding part (a).
Now we prove part (b) of Lemma 4.16. From (25), the assumption r; = c3 implies r» = ¢3, 1 = g3
and ry = ¢g. Applying Lemma 4.15 based on these, we get
o000 _ A+rHyA+rd =2k 419 (qo — 2qz +d = 1D)rd = 2r9t) + 18t + r8 (8t + gord +d — 1)
o op T " Fp —ear) ¥1r(q2 q2 Fy =&l ot 1 {rgl +qory

(d-1)(r - 1)r§d + 2(rflJr1 - 1)r§l - (r12d+1 + drflJr1 - drf -1)

5

ra— 1
where in the second line we use (24). This quantity was shown to be non-zero in the proof of Lemma
7.19 in [GSV15] (from Equation (124) onwards) under (18), concluding part (b). O

Now we assume q = (q1, g2, ¢3) is a 2-maximal triple, and assume g, = 0 without loss of generality.
The result here is analogous to Lemma 4.16 (a).

Lemma 4.17. Under the assumption that g, = 0, suppose R;’s and C;’s (i # 2) satisfy (12), (13) and (14).
For any q1, q3 > 0, it holds that 9% /9q, — d9°/9qs # 0, unless q; = q3 and Ry /R3 = C3/C;.

Proof. First, note that the values of R, and C, do not affect the value of derivatives 85/ dgq1 and 8@/ aqs
when ¢, = 0. In addition, the expressions of g; and g3 in (22) and (23) still hold for g, = 0. Therefore,

one can carry out the proof of Lemma 4.16 (a) once again for this case, showing 8@/ oq1 — 65/ g3 =0
only when R; /Rs = C3/C;. Assuming this, one can show ¢q; = ¢3 by going through the proof of (25). O

We conclude this subsection with Lemma 4.10.

Proof of Lemma 4.10. This comes after Lemma 4.16, Lemma 4.17 and the second part of Lemma 4.15. O

4.3. Stability of Maximal (q/2,q/2,0) Fixpoints. In the next two subsections, we focus on the
(in)stability of candidate fixpoints that may maximize ¥;. The condition of Jacobian stability is given
by the following Lemma.

Lemma 4.18 (cf. [GSV15, Lemma 4.16]). Suppose (Ro,Ry,- -+ ,Rq, Co,Cy, -+ ,Cq) is a fixpoint of the

tree recursion (8). Let a; := ?:0 BijRiCj and B; = Y.L Bi;R:C;. Define the matrix A := (a;j)o<ij<q
as ajj = BijR;Cj/+/aifj, and the matrix L := [AOT ‘3]. Then L has symmetric real spectrum (symmetry

means if a is an eigenvalue then so is —a), and £1 is a pair of its eigenvalues. The condition for the fixpoint
to be stable is that the second largest eigenvalue of L is less than 1/d.

We will also need the following lemma which is proved in Section 5.4.

Lemma 4.19. For anyq > 4,k > 2 and d > 34", the function

d+1 d d
(x+ —1) et _ X1

h . ’ /_1 d
() == ~—{ Tatd-Dx

has exactly one root in the region (1, co).

We are now ready to prove Lemma 4.5.

Proof of Lemma 4.5. Define ¢’ := q/2. We first prove the uniqueness of 2-maximal (¢’, ¢’,0) fixpoint
(up to scaling). According to the proof of Lemma 4.17, fixpoints of type (¢’,¢q’,0) maximize ® only
when r; = c3. Now denote x := r; = ¢3. To prove the first part of this lemma, we show there exists
exactly one possible x > 1 when d > 3¢*. By (16) and (17), we get

ro/t —-r _ 1

_ d :
ri—1 c§—1
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Combining this with (24), x > 1 satisfies h(x) = 0, where

d+1 d d

x =1 x“ =1 , ,

h(x) = |—; g+ (¢ - 1)x%
x¢ -1 1

By Lemma 4.19, h(x) has exactly one root x > 1.
Next, we construct the matrices A and L. Note that both matrices are scale-free with respect to R;
and C;. Directly plug in the formula in Lemma 4.18 to get

¢ bel? ac1®
A= ac1l abJ] a’J
bc1 b%]’ ab]

d+l1 _1_ o (xv— d
where a := ([x91X-L p .= 1/;;__11 and ¢ = \/x Dolog (e )t J is the ¢’ X ¢’ matrix with zeros

xd-1’ xd+1—1
on the diagonal and ones elsewhere, J’ is the ¢’ X ¢ matrix with ones everywhere, and 1 is the ¢’ X 1
matrix. The eigenvalues of L = [ A ‘3] consist of +ab (each by multiplicity g — 2) and A4, £4,, 43,
where A4, A;, A5 are the zeros of the following cubic function

f(z) =2° = (¢'a® + ¢'b* + A2 + (2¢' — 1)a®b*z + a®b*c2.

We claim that ab is the second largest eigenvalue. To prove this, recall that 1 is the eigenvalue of L.
We can assume A; = 1 (because ab < 1, which means 1 must be among 4; »3) and hence f(1) = 0. In
addition, f(z) is monic and f(0) > 0. This means it suffices to show f(—ab) < 0 and f(ab) < 0, which
are true since

f(ab) = —a*b*q(a - b)* < 0, f(=ab) = —a*b?*q(a+b)?* < 0.

It remains to prove ab = x(d_l)/z;cd—__ll < 1/d which follows from % =x4 14 +1>dxdD/2
where the last inequality is an application of the AM-GM inequality when x > 1. O

4.4. (In)stability of (g,0,0) Fixpoints. Set x := Ry/R; and y := Cy/C;. Then by rewriting the tree
recursion, one can see X, y satisfies the system

» NPTIEYE T
ty+q-—1 Ix+qg-—1

Before analysing the stability of the original (g + 1)-spin system, we first need to study this 2-spin
system. By replacing f := t/q, y = (¢ — 1)/t and A = g%, the system above is actually the tree
recursion of a general anti-ferromagnetic Ising model with parameter (f,y,1). It follows that such
system has either one solution (Q*, Q*) (uniqueness) or three solutions (Q*,Q7), (Q* Q%), (Q~, Q")
(non-uniqueness) where Q* > Q* > Q~ (see [MSW07, Section 6.2] or [GSV16, Theorem 7]). First and
foremost, if d > 5¢*, the system (28) is actually the latter case.

Lemma 4.20. When q > 4,k > 2 and d > 5q%, the system (28) lies in non-uniqueness region.

One way to prove Lemma 4.20 is to verify the non-uniqueness condition in [LLY13]. However,
in our case, that would cause pages of tedious calculation, and we could not get crucial quantitative
information about solutions, which is the key to the stability of the original (g+1)-spin system. Hence,
we show the non-uniqueness by locating the solutions directly, as in the next two lemmas. Also note
that, when x = Ry/R; = Cy/Cy, the two-step recursion (28) can be simplified into the following one-step
recursion

2x+qt \*
tx+q-—1) °

(29) x = (

Lemma 4.21. Let (x,x) be the solution of (28) i.e., x be the solution of (29). When q > 4,k > 2 and
d > 5¢%, it holds that tx + q — 1 < d.
16



Lemma 4.22. When q > 4,k > 2 andd > 5q~, there exists a solution (x,y) to (28) satisfying (a) x > v,

d .
and (b) x > s d.

We give the proof of Lemmas 4.21 and 4.22 in Section 5.5.
Proof of Lemma 4.20. This directly follows from Lemma 4.21 and Lemma 4.22. O

Now we are ready to analyse the stability of (g, 0, 0)-type fixpoints. In the following it will be
convenient to let J be the g X ¢ matrix with 0s on the diagonal and 1s elsewhere, and 1 to be the g X 1
vector with all ones.

Proof of Lemma 4.12. Let x = Ry/R; and y = Cy/C; be the solution of (28) with x > y. Seta = ,[—1—

tx+q-1°

b= \/ﬁ, ri= \/t;—fq and s := t;’iq. By applying the formula in Lemma 4.18, the (g +1) X (g +1)

matrix A can be written in the block form

[ rs aslt }
A= .
br1 abj

The eigenvalues of L = [ o ‘3] consist of +ab (with multiplicity g —1 respectively) and +4;, £1;, where

*+A;, 4, are the zeros of the following biquadratic function
f(z) = 2% = ((q — 1)%a®b* + qb*r* + qa®s* + r’s*)z* + a*b?r*s®.

Again, we assume A; = 1 (note that ab # 1). By Vieta’s formula, A, = abrs. Since rs < 1, this means
ab is the second largest eigenvalue. Now it suffices to prove ab < 1/d, which is equivalent to showing
(tx+q—1)(ty+q—1) > d°. Note that ty > t9*! = ¢* — g, and Lemma 4.22 gives x > dﬁ. Therefore

(tx+q-1)(ty+q—1) > txy > d* O

Remark 4.23. It is worth noting that the Jacobian stable fixpoints of the system (28) do not necessarily
induce (g, 0, 0)-type Jacobian stable fixpoints of the original (g + 1)-spin system. This is because the
eigenvalue ab from the (g + 1)-spin system is missing in the 2-spin system. Interestingly, by directly
applying results over 2-spin system (e.g., [GSV16, Lemma 8]), what we get is abrs < 1/d instead of
ab < 1/d. There is an interval of d such that the former holds but the latter does not. Thus here we
cannot only analyze the simplified 2-spin system.

Proof of Lemma 4.14. According to the formula in Lemma 4.18, we construct the following (g+1)X(g+1)
matrix A with block form

b Vab1”
A:[\/%l aJ ]

! := £ and x is the solution of equation (29). Because A is symmetric, the

q-1+tx’ T tx+q’
spectral radius of L = [ o ’3] is the same as that of A. It is not hard to see that —a is an eigenvalue
of A by multiplicity g — 1. From Lemma 4.21, we have that 1/d < a,and a < 1 from ¢ > 2 and x > 0.

Therefore, the fixpoint is unstable. O

where a =

4.5. (g,0,0) Fixpoint Is Not Maximal. Let q; = ¢,q9, = g3 = 0 and Ry/R; # Co/C;. Due to stability,
it is difficult to analyse this kind of fixpoint’s global optimality (recall that it corresponds to a local
maxima of ¥;). However, observe that changing the value of R; and C; will not affect the value of
®S. Therefore, we can force R; and C3 to be subject to (12) and (13). As we will show later, doing
so allows us to reuse some lemmas we have utilized in our argument regarding 2-maximal fixpoints,
among which the most important one is the perturbation argument. We define ry, r1, ¢y, ¢3 analogously,
and without loss of generality, suppose ry, c3 > 1.
The next proposition shows how we choose r; and cs.
17



Lemma 4.24. Let x = r; and y = c3 be a pair of solutions to the following system

d d
-1
flxy) = (x—1) ((H%) t”’“+q—y”’) —yl+1=0;
X
(30)
yd(x_ 1) ‘ d+1 d_ . d d
foxy) =@y-1) 1+d—1 T 4 gx = x| -x“+1=0,
y —_—
with x,y > 1. Then there exists ry and ¢ such that (16) and (17) are satisfied for q; = q,q> = q3 = 0.

Proof. The ry and ¢y we choose are defined by

rn—-1 c3—1

(31) ro/t = ; +rq, C()/t = Z + c3.
c; —1 =1
Combining (31) with the expression of f;(ry, c3) = 0, it holds that
d
c; —1
d d_%
cot+qg—c; — =0,
ot +q—¢C5 -1

which is exactly (24), and is equivalent to the expression for r; in (17). The same argument holds for the
c3 expression in (17). In addition, plugging (31) back into (17) yields the expressions for ry, ¢o in (16). O

Be cautious that we do not assume Ry/R; = Cy/C; in Lemma 4.24. Even if we managed to find a pair
of solutions r; > c3 > 1 to (30), it does not imply that we can find R; and Cs for the case Ry/R; # Cy/Cy,
because it is possible for such a pair to correspond to the other case Ry/R; = Cy/C;. We will handle
this in Lemma 4.33 after finding a special solution to (30).

To study the solution of the system (30), we need to look into the properties of both functions. To
clarify the intuition of our approach, we plot both functions for the case ¢ = 6,k = 3,d = 5¢* (see Figure
1a). In this setting, the two functions have three intersections in the region (1, +00)?: one above y = x,
one near y = x (but still below y = x; see Figure 1b) and one far below y = x. Experimentally, only
the first two intersections correspond to the case Ry/R; # Cy/C;. Hence we would only be interested
in them. Moreover, as we will see at the end of this subsection, a solution such that x > y is required.
For this purpose, the rest of the subsection endeavours to prove the existence of the intersection near
y = x before finishing the proof of Lemma 4.13. Doing so also avoids the need of fully characterising
the shape of both curves f;(x,y) = 0.

i 1o0soF —_— —_— —_— o
1.012 g r

I filx,y) =0 ] — filxy) =0

[ 1.0048 - g
1.010 g

L =X r

) y=x

1.008j 1 1.0046 - g
1.006 g L ]

[ _ 1 1.0044 - o

fxy) =0 | I f(xy) =0 |

1.004 E

L ] 1.0042 B
1.002 E
1000, / ] 1.004? ;040‘ 3 0‘042‘ 3 02}44‘ 5 02)46‘ 4 02)48‘ 4 05;0

1.000 1.002 1.004 1.006 1.008 1.010 1.012 : : : : : :

() (b)

FIGURE 1. (a): Shape of the curve fi(x,y) = 0, f2(x,y) = 0, and y = x. (b): Zoom in on the intersection
near y = x.
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Now we formalize our argument. Note that, by mimicking the proof of Lemma 4.19, one can show
f2(x,x) = 0 has exactly one solution x** > 1. Moreover, for any x € (1, x*), f2(x,x) < 0, and for any
x > x™, fo(x,x) > 0. A detailed proof is given in Section 5.4.

Lemma 4.25. Foranyq > 4,k > 2 and d > 3q*, the function

d
d+1_1 _

d
x x 1
) l’d+1— +(q_1)xd

x4 -1

ha(x) = (
x-1
has exactly one root x** in the region x > 1.
For f;, we do not need the uniqueness of its intersection with the line y = x.
Lemma 4.26. For anyq > 4,k > 2 and d > 3q*, the function

d+1 d d

it A N T d
y - +q—-x
x* -1

hl(x) = (

x—1

has at least one root in the region x > 1. Let x* be its smallest root. Then hi(x) < 0 forx € (1,x%).
Moreover, x* > x**, and consequently hy(x*) > 0.

Proof. The first part of the lemma is similar to the proof of Lemma 4.25 and Lemma 4.19, by computing
lim,—1 hy(x) < 0 and limy— 1 h1(x) = 4+00. To prove the second part, note that hy(x) > hy(x) for all
x> 1 O

The next property will be useful later.
Proposition 4.27. If fi(x,y) =0, thenx < 1+ td++—1' Iffa(x,y) =0, theny < 1+ M++—1‘

1
Proof. Suppose x > 1+ -z7—. Then

x4y -1 ’ d+1 d d
ﬁ(x,y)th_H_l 1+W t +q—-y -y +1
1 d,d+1 d d,,__ 4
>td+1_1(yt +q—y)—y +1——td+1_1+1>0.
A similar argument holds for f;. O

Then we study the shape of f; below the line y = x.

— (x?-1)? k
Lemma 4.28. Let g(x) : and assume that d > 3q~. Then

(a) there is a unique x, € (1,00) such that g(x,) = t+;
(b) forany1 < x < xy, 3—2 <0 fory € (1,x]; and
(c) xo > x*, where x* > 1 is the smallest solution to fi(x,x) = 0 (see Lemma 4.26).

Moreover, for any 1 < x < xo, f1(x,y) is decreasing fory € (1, x].

Proof. We first show that g(x) is decreasing for x > 1. By direct calculation,

(xd _ 1)d—1
x(x —1)2(x9%1 — 1)d

where the last inequality has already been shown in the proof of Lemma 4.5 for x > 1. Notice that

. d . d :

lim,_,; g(x) = (d+)d_1 and lim,_,0 g(x) = 1. As (djﬁ > g > ¢* > 1% = ¢k — g > 2, thereis a

unique x, such that g(xo) = t%*' and for x € (1, x,), g(x) > t%*!. This shows part (a).

d—1 + (x—1)dx? 19! (xdy—1)4-1
(x?-1)4

d _ 1\d/(d-1)
1
(xd+1 B Cat)) y < x.
(

g'(x) = (xddz(x -1)% - x(xd - 1)2) <0,

For part (b), we have ?9_]2 = —xdy and thus, Z—JE < 0 is equivalent to

d+1

x —1)V/d-Dpax
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As the range of y we consider is (1, x], we only need to show that

d _ \d/(d-1)
1
xd+ _ (x )

(x — 1)/ (-1 45

which, after rearranging, is equivalent to g(x) > t%*1. This is guaranteed by part (a) of the lemma.
To prove the third part, by Lemma 4.26, it suffices to show h;(xg) = fi(x0,%0) > 0. Note that x,
satisfies

=)D | TP
Xo - —— = 1, or equivalently, (d—) = —
(xo_l)l/(d Dta1 xd -1 td+1 (x5 — 1)

11 and plugging into the expression for

f1(x, x) we get fi(x0, x0) = q(xo —1) > 0, yielding part (c). O

-1 d+1 -1 da1 xod+1 _
By multiplying this with 2 — — we have (ﬁ) 1 = S

By Lemma 4.28 (b) and (c), the partial derivative df; /dy # 0 at all points (x, y) such that fi(x,y) =0
and 1 < y < x < x*. Applying the implicit function theorem, f; yields a continuous function between
x and y in the region 1 < y < x < x™.

Corollary 4.29. The set P := (1,1) + {(x,y) : fi(x,y) = 0,x > y > 1,x < x*} forms a continuous
curve from (1, 1) to x*, x*, where x* > 1 is the smallest solution to fi(x,x) = 0.

Regarding the shape of f,, we have the next lemma.

Lemma 4. 30 Foranyl<y<1 + o9 , there are at most two x > 1 such that f,(x,y) = 0. Moreover, if

1 <y < x™, where x** > 1 is the umque value such that f,(x**,x™) = 0 (see Lemma 4.25), then there is
exactly one x > y such that f>(x,y) = 0.

Proof. The crucial idea of this proof is to study the sign of f,(x,y) at its critical points w.r.t. x (i.e., x’
such that df>(x, y)/dx = 0 at x = x’).
Fix y in the range and define g(x) := f2(x, y). By direct calculation, if ¢’ (x) = 0, x’ satisfies

. (1 LY - 1))d _ My =gy - D)y - )
y? -1 (y - Dy '

Plugging it back to g, we get

x4y —qy - 1)
yd

Because y — q(y — 1) > 0, for any critical point x” of g,

(a) if x” < y, then g(x") > 0;

(b) if x" = y, then g(x") = 0;

(c) if x" > y, then g(x") <0,

y?  \1/(d-1)

(y—q(y—l)) ‘

As g(x) = fo(x, y) for the fixed y, g(x) is a polynomial in x. Moreover, g(1) = (y—1)(t*'+q-1) > 0
and limy 100 g(x) = +00. It implies that g(x) must have an even number of roots. If g(x) does not have
any root greater than 1 then we are done. Otherwise, let x; > 1 be the smallest root and x; be the
largest root.

g(x’) =1

where y is defined by y :=

e If x; < y, this means the next critical point x’ > x; cannot be x;, or otherwise, g(x’) = 0,
contradicting with item (a) above. Therefore, g(x’) < 0, which means x” > y. If there exists
another zero x’ < x3 < xg, then either ¢’(x3) < 0 or ¢’(x3) > 0 (otherwise, it contradicts
with item (b)). In the former case, there must exist another critical point x” such that y <
x" < x"” < x3 and g(x"") > 0, which contradicts to item (c). In the latter case, there must exist
another critical point x”” such that x3 < x””” < x; and g(x””") > 0, violating item (c) as well.

e If x; > y, this means all the critical points x” in [x;, x;] must have function value g(x’) < 0,
which implies there is not any other root in (x1, x2).
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e If x; = y and x; is not a critical point, then ¢’(x;) < 0 and the argument of the previous case
still applies.

e If x; = y and x; is a critical point, then for any other critical point (if exists) x” > xi, it must
holds that g(x’) < 0. Namely once g(x) becomes positive as x increases, the sign of ¢’ (x) will
not change. It implies that x, is the only root larger than x; in this case. If no critical point
x" > x1 exists, then x; = x; is the only root.

In all cases, g(x) has at most two roots greater than 1. This finishes the first part of the lemma.
For the second part, notice that if y < x™ then g(y) < 0, and recall lim,_,» g(x) = c0. The number
of zeros larger than y must be odd, and by the first part, it must be unique. Proposition 4.27 guarantees

sk 1 1
that x <1+W<1+F' O

We then argue there is a point on P} (except (1, 1)) such that f; takes zero. To establish this, we
first find a point E with f;(xg, yg) = 0 such that it lies to the right of P (with some extra conditions,
and later we will apply Lemma 4.30). To simplify the calculation, we only consider the case d = 5¢.
The proof of the next lemma consists some detailed calculations, which we postpone till Section 5.6.

Lemma 4.31. Suppose d = 5¢~. There exists a point E with f,(xg, yg) = 0 such that it lies to the right of
P More specifically, (a) yp = 1+ %; (b)yg < x**;and (¢c)xg > 1+ M++—1‘

This yields the following lemma.
Lemma 4.32. Suppose d = 5¢~. The system (30) has a solution (x,y) such thatx > y > yg.

Proof. Consider the following point M on P yy = yg, and xp is the largest one such that (xu, yy) €
P+.” Lemma 4.31 (b) asserts that yg < x*™*, which allows us to invoke Lemma 4.30: for any yg < x < xg,
we have f,(x,yg) < 0. More specifically, f>(xp, yp) < 0 because xp < x* < 1+ ﬁ < xg, where the
second and third inequalities come from Proposition 4.27 and Lemma 4.31 (c) respectively.

Now consider the path of ] between the point M and (x*, x*). It is continuous and bounded away
from both x = 1 and y = 1, and the function f,(x, y) is continuous over (1, +00) X (1,+00). This means
as one walks along the path, the value of f, changes continuously; otherwise, it violates the continuity
of f, by a simple ¢-§ argument. Moreover, by the second part of Lemma 4.26, fo(x**,x™) > 0. This
means there must be a point (x, y) on the path such that f(x, y) = 0. Moreover, by the choice of xy, it
must hold that y > yy = yz. O

Now we argue that the solution we find actually satisfies Ry/R; # Cy/C;.
Lemma 4.33. Ifr; > c3 > 1 yields Ry/Ry = Cy/Cy, then it must hold that c3 < yE.

Proof. In this case, Cy/C is the solution to the one-step recursion (29). Define u := co/t = (Co/Cy)"/?/t.
By rewriting (29), one can see that u is the unique solution to the following equation

h(w) =u- |1+ ——| =0.
W =u td+1ud+q—1)

u(r;i—l)+

Note that u > 1. Using this notation, (31) yields that c; = r—dl, giving that ¢ < u.

1
It remains to show u < 1+ ﬁﬁ—f’_l. Note that the system (29) has a unique fixpoint, namely that
h(u) has a unique solution over u > 1. Because k(1) < 0 and lim, . h(u) = oo, it suffices to prove
h(1+ td?f_ -) > 0. After plugging in the expression and clearing the denominator, it turns out to be
equivalent to

qu
1
1+3q—2qk+(qk—q) 1+m >0

which is true for any g > 4 and k > 2. ]

We can finally conclude Lemma 4.13.

9% is well-defined. This follows from the fact that (x4 — 1)4 i (x, ya) is a non-zero polynomial with respect to x, thus
having a finite number of zeros.
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Proof of Lemma 4.13. Lemma 4.32 guarantees the existence of r; > ¢3 > yg satisfying (30) with x = r;
and y = c¢3. By Lemma 4.24, given r; and c3, we can choose Ry, Ry, R3, Cy, C1, C3 to satisfy (12) and (13).
Lemma 4.33 implies that for this choice, Ry/R; # Cy/C;. Moreover, the 2-spin system regarding Ry/R;
and Cy/C lies in non-uniqueness region, and hence the values of Ry/R; and Cy/C; are unique up to
the swap of R and C (see Section 4.4).

Because R; and C; are subject to (12) and (13), the first part of the proof in Lemma 4.15 still holds,

even when g; = 0 (since we only require (32)). Therefore the expression of 8@/ dqs still applies. Based
on this, by going through the proof of Lemma 4.16 (a), we can see (27) still holds, i.e.,

DS DS
— — — | = —sgn(r; —c3).

sgn
& 991 993

Hence under this choice, 65/ oqq — 85/ dq3 < 0. Now consider a new q vector (g — ¢,0,¢). When ¢
is small enough, the value of oS increases, and feasibility in (11) still holds. Because the value of S at
q = (g, 0,0) is irrelavent to Rs, Cs, and the value of @S is the same for all fixpoints of type (g, 0,0) and
Ro/Ry # Cy/C4, it means @ does not take the maximum at fixpoints of such type. ]

Remark 4.34. Our approach in fact jumps out of the local area around the fixpoint. Intuitively, the
argument considers a new “imaginary” fixpoint where ¢ portion of the g entries R; (resp. C;) is changed
into Rj3 (resp. Cs, recall that R; and C; are bounded away from R; and C;), and compares its value of
the original induced matrix norm with the one of (Ry, Ry, - - - , Ry, Cy, C1, - - - , Cy1). This is another reason

why optimizing @S over all nonnegative q’s instead of integer q’s helps a lot.

5. REMAINING PROOFS

5.1. Proof of Lemma 2.3. We will consider the following computational problem. Given a graph
G = (V,E), for a g-colouring ¢ : V. — {1,...,q}, let Mono(G, o) be the number of monochromatic
edges under o.

Name: Max-q-Cut
Instance: A undirected graph G = (V, E)
Output: maxmv_,{l,"_,q}{|E| — Mono(G, o)}

Let Max-CuT be the g = 2 version of Max-g-CuT. Alimonti and Kann [AK00] showed the following.

Proposition 5.1. There is a constant 8y > 0 such that, there is no randomized polynomial-time approxi-
mation algorithm for Max-CuUT in cubic graphs with relative error &y unless NP = RP.

Furthermore, Kann, Khanna, Lagergren, and Panconesi [KKLP97] showed the following reduction.

Proposition 5.2. Forany 0 < § < 1, if Max-q-CuT in (A(qH) + L 1) regular graphs can be approxi-

mated within relative error 2(q_+1) in polynomial-time, then MAX-CUT can be approximated within § in
polynomial-time for A-regular graphs.

The original reduction in [KKLP97, Theorem 1] works for only even g and gives relative error lower
bound 2(qL—1) instead. For odd g they used a different reduction to achieve the same lower bound

but it does not keep the degrees bounded. Here we briefly describe how to modify the reduction in
[KKLP97, Theorem 1] such that it works for odd q as well, albeit with a slightly worse relative error

lower bound e +1) For odd g, given an instance G = (V,E) for Max-CuT, we replace each vertex

v € V by aclique C, of size qTH (instead of g in the original reduction), and replace each edge (u,v) € E

by a bipartite complete graph between C, and C,,. Moreover, give weight g—flldc (v) for edges inside C,
instead of dg(v)) and keep weight 1 for all other edges. It can be verified straightforwar that the
dofd d keep weight 1 for all other edg b fied ghtf dly that th
2
proof still works, except that the parameters a and f changed from (m Z) to (M il) which

leads to the worse lower bound 5——. Finally, Crescenzi, Silvestri, and Trevisan [CST01] showed that

2(qg+1) +1)
for a general class of combinatorial optimization problem, including Max-g-CuT, the weighted and
unweighted versions have the same approximation complexity.
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Lemma 5.3. There is a constant 0 < Cy < 1 such that for any q > 2, there is no FPRAS for the q-state
Potts model with weights B < g~/ in (2q + 1)-regular graphs unless NP = RP.

Proof. Let Cy := 2 > Where d is from Proposition 5.1. We claim that for any g > 2, an FPRAS for Zg(G)
with weight B < g~/ i
g-Cut within relative error ¢, :=

in graphs with degree bound 2g + 1 implies an efficient approximation of MAx-
2(5+1) in graphs with the same degree bound. Then Proposition 5.1
and Proposition 5.2 (with A = 3) imply the lemma.

Given an instance G = (V, E) to MAx-¢-CuUT, assume the maximum value of g-cut is Opt. Let n := |V|
and m := |E|. Thenm = w. If we had an FPRAS for the g-state Potts model, then we can efficiently
sample a colouring proportional to its weight. (In the local lemma setting, one such reduction is given

in [JPV21b].) The probability that the cut value of the colouring is less than (1 — &)Opt is at most
anm—(l—so)Opt

Bm—Opt 4 anm—(l—é‘o)Opt ’
In particular, this probability is at most 1/2 if
Bm—Opt > anm—(l—so)Opt

which is equivalent to B~%9Pt > g On the other hand, notice that a uniformly at random colouring
(2g+1)(g=D)n

achieves cut value (1- %)m in expectation. Thus, Opt > (1— Cl])m = . Consequently, for any

2q
_ (2g+1) (g—1) _
q>2 B %0t > B onZiaqtar > B~Con since Co = % < W for g > 2. Thus if B < ¢~ V/%,
B20Pt > g a5 desired. Standard methods can boost the success probability from 1/2 to arbitraril
q p y y
close to 1. O

Now we are ready to show Lemma 2.3.

Proof of Lemma 2.3. Given a (2q + 1)-regular graph G = (V, E), we replace each edge by s

parallel edges to get a new graph G’ whose degree is at most (2g + 1)s <
A > 2C1qlnq, 2> m -1> 063m
If we have a Potts model with edge weight B on G, then effectively, this is a Potts model on G with

B =B°. Thusif B<1- Cqulnq for C; = 5/Cy, where Cy is from Lemma 5.3, then

A
521
A. Asq >2,C > 5,and

sCo S n 840, In CpCigln
B=5Co 5 (1 + Clqlnq) > eoAs COE”“ q > eos 063231?” q e g(zlqzl)q > qo_2C0C1 >q,
where in the first line we used 1+ x > e%® for x < 0.5. Thus this parallel construction can reduce
from the Potts model satisfying the conditions of Lemma 5.3, which is NP-hard to approximate. o

5.2. Proof of Lemmas 4.15 and 4.9.
Proof of Lemmas 4.15 and 4.9. We first prove Lemma 4.15. Let

S := RyCot® + (Z§=1 qu,-) Rot + (Zﬁ:l quj) Cot + (23:1 quj') (Z§=1 quj) - (23=1 chjqj) ;

R = R(()d+1)/d + ( ;:1 R](d+1)/dqj)’ C .= Céd+1)/d + 2221 C](d+1)/dqj

By direct calculation,

RlaD/d  ~(d+n)/d

DS ( (
(d+1) [R C0t+ROCt R,-Ci +Ri (23:1 quj) +Cl' (22:1 qu])] - d( L R + C

8q,
Note that if ¢; > 0 and R; # 0, then it must holds that 8@/ JR; = 0, and hence (12) applies, which gives
(32) R(()d+1)/d oC Ro(C()tz + (q1C1 + q2C2 + q3C3)t), Rl-(d+1)/d oC Rl‘(COt + q1C1 + q2C2 + q3C3 - Cl)

Rl@/d  R;Cot+R;(23_, Ciqj)-RiC; cld/d  CiRt+Ci( X3, Riq)
Therefore, & = ( j ) and, similarly, — kS = ( = ) . Note that

these two equations also hold tr1v1ally when R; = 0 or C; = 0, respectively. Putting these together

yields the desired expression for 22~ q > in Lemma 4.15.
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For the second part of Lemma 4.15, without loss of generality, suppose ¢1,q2 > 0 and 995/dq; —
o®5/dq, > 0. Take a positive ¢ and consider (q; +¢, g2 —¢, g3). When ¢ is small enough, the entries q; +¢
and q; — ¢ are positive, the value of @S increases, and feasibility in (11) still holds. Hence (g1, g2, q3)
does not maximize ®.

Finally we prove Lemma 4.9. Here we have an extra condition that q is m-maximal. This means there
exists a maximizer r, ¢ such that for every i # j such that g;,q; > 0, it holds that R; # R; and C; # C;.
From (12) and (13), we obtain that r, ¢ specify an m-supported fixpoint of the tree recursion (8). O

5.3. Proof of Lemma 4.7.

Proof of Lemma 4.7. We first show that the maximum in (10) cannot be achieved at Ry = 0 or Cyp = 0.

Assume otherwise. If Ry = 0, we have that
o0S|  (d+ 1)t
AR [g,=o S

. (C()t + q1C1 + q2C2 + q3C3) >0

where S > 0. Therefore, increasing R, by a sufficiently small amount increases also the value of P,
contradiction. An analogous argument applies for Cj.
Next, we show that at least one of Ry, Ry, R3, C1, Cy, C5 are non-zero. Assume otherwise, then

S
g :E'(C0t+(q1—1)C1+q2C2+q3C3)=d+1
ARy [ =0 S
and therefore we obtain a contradiction as above.

Consider now a triple (qi, g2, g3) with positive entries, and assume w.l.o.g. that the maximum is
taken when R; = 0. We claim that C; > 0. Otherwise, by the first part of Lemma 4.15, we have
od5/dq; = 0, and 995 /dq; > 0 for some i € {2,3} since we cannot have R, = R; = C; = C3 = 0. This
yields a contradiction to the second part of Lemma 4.15, and therefore C; > 0. Observe also that

Cot > 0,

d+1
= —— (Got + (g1 = 1)C1 + q2C2 + q3C3),

R;=0 S

oS
R,

so by the argument above we conclude that Cof + (g1 — 1)C; + ¢2C2 + q3C3 < 0 and therefore g; < 1
(since Co, C; > 0). This yields that

1
C1 > 1 (Cot + q2C2 + CI3C3) > C().

—q
On the other hand, since both of Cy, C; are nonzero, to achieve the maximum, (13) must hold for i = 1,
which gives Cy > Cy, contradiction. Therefore we have R; > 0 for triples with positive entries.
Exactly the same argument works for triples of type (g1, 0, g3) with g1, g5 > 0. For the case (g, 0, 0),
note that ¢ > 4 > 1, which means the partial derivatives with respect to both R; and C; are positive at
R; = 0 and C; = 0 respectively, and hence the maximum cannot be taken at either R; = 0 or C; = 0.
To prove the final part of the lemma, suppose that g;,q; > 0. Since R;,C;,R;,C; > 0, we have that
(12) and (13) apply, which yields that R; = R; iff C; = C;. O

5.4. Proof of Lemma 4.19 and Lemma 4.25.

Proof of Lemma 4.19. We put the expression of h here for convenient reference.

d+1 d d
x+ —1) th_x -1

x4 -1 x—1

+q +(q - 1)xd.

(33) h(x) = (

We have that h is continuous over x € (1, +00) and lim,_, 4. h(x) = +0c0. Using that t%*! = t» = gk — g,
we have that

liinh(x) = (ddLl)dtd+1 —d+q-1<eqd-—eq—d+q-1<eqd-—d<o0.
x|1
This implies the existence of x with h(x) = 0. To prove the uniqueness of the root, we will show that

for any root x > 1 of h’(x), it holds that h(x) < 0 (note if such x does not exist then we are already
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done), using the fact that h is differentiable and its derivative is continuous. To see the reason why it
is sufficient, note that the number of roots of h(x) over x > 1 must be odd (because any critical point
of h has value less than zero). Assuming towards contradiction, let x, > x; > 1 be the smallest two
roots. Then A’ (x;) > 0and k' (x3) < 0, indicating there must be some x* € (x1, x») such that A’ (x*) = 0.
However, in this case h(x*) > 0, which leads to contradiction.

Next we prove our claim. Take the derivative of h and let it be zero:

dr1d—1 xt1o1) 97 d
dxd-1 x4 _q dt**'x (xd—) (d—dx+x(x%-1))

-1
=0,

’ _ ’ d-1 _
h(x) =d(q - Dx ' 1 +(x—1)2+ (x4 — 1)2

or equivalently,

(xd+1 - 1)d el _ (x? = 1) (x™! = 1) (x = x¥(d(q' (x = 1) = x)(x = 1) + x))
xd -1 d(x — 1)2x4(d — dx + x(x? - 1)) ’

Combining (33) and (34), we obtain that for any x such that h’(x) = 0, it holds that

9(x,d.q")
(x = 1)2x9-1(d — dx + x(x9 = 1))

(34)

h(x) = y

where
65) g(x,d,q") =dq (x — 1)*(x + 1) (x4 = )x?! = (x4 - 1)2(x*1 - 1)
—d* x4 (x - 1)2(1 = x4 g (x - 1) (x4 +1)).

It is not hard to see that d — dx + x(x% — 1) > 0 for any x > 1, so, to show h(x) < 0, it suffices to prove
g(x,d,q") < 0 for all x > 1. This will follow by showing that

(36) g(x,d,0) < 0and g(x,d, q’) is decreasing in ¢’, for any x > 1 and d > 3,

We have g(x,d,0)/(x%1 —1) = (d*(x— 1)2x41 — (x? - 1)?); the last quantity has been shown negative
for all x > 1 in the proof of Lemma 4.5. To prove the monotonicity w.r.t. ¢’ note that

7]
a—j, = —d(x — 1)’ (—(x +D)x% +d(x - 1) (xd + l) +x+ 1) = dx? ! (x - 1)%g1(x)
where g1 (x) == — (—=(x + Dx?+d(x —1) (xd +1) +x + 1). Note that

gi(x) = (d+1)(x N (d+x—dx)—1) <0forx > 1

Since g; (1) = 0, we obtain g; (x) < 0 for all x > 1, proving (36) and concluding the proof of Lemma 4.19.
O

W o\d
Proof of Lemma 4.25. Recall that hy(x) := (ﬁ) a1 — L__ll + (g —1)x?. We adopt the same idea as

x4-1 x
the proof of Lemma 4.19 by showing that h, takes negative values at critical points. The estimation of
limy_,; h2(x) is the same as we did in Lemma 4.19.
Taking the derivative of h; and setting it to zero, we get

d-1
drd+! (xxd—__ll +x) (x (xd -1)+d(-x) +d) x41 (d+1)x¢ x%1-1
dgx®~" + -

(x? - 1)° x—1 (x—l)zzo’

or equivalently,
e+l _ 1)d v _ 7 (x4 = 1) (x4 = 1) (dgx? — 2dgx?*! + dgx@*? + dxd! 4 x4 — dxd¥2 — x)
xd -1 B d(x = 1)? (-x@' +dx —d +x) '
By plugging this back into the expression for h;(x) and simplifying, we obtain that for any x such that

; ) 4,
h;(x) = 0 it holds that hy(x) = d(x—l)z(il(fdxz)x(xd—l))’ where

g(x,d, q) = —d*(x - 1)* (xd(q(x -1)—x)+ 1) +dg(x - 1)* (xd - 1) - (xd - 1)2 (der1 - 1) x4,
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Since d — dx + x(x¢ — 1) > 0 for any x > 1, it remains to prove that g(x,d,q) < 0. Note that
%’:’q) =d(x—-1)? (xd(d(—x) +d+1) —1) < 0for x > 1 and therefore g(x,d, q) < g(x,d,0). We also
have that g(x,d, 0)/(x*' — 1) = (dz (x = 1) — x4 (x4 - 1)2) < 0, where the inequality follows from

the argument below (36). Therefore g(x,d, 0) < 0 for all x > 1, as desired, finishing the proof. O

5.5. Proof of Lemma 4.21 and Lemma 4.22. We will use the following inequality.
a\b ab
(37) exp{a} > (1 + E) > exp {m} forall a,b > 0.

Proof of Lemma 4.21. Let p := tx + g — 1 and assume for the sake of contradiction that p > d. Let
w = p/qF and ¢ := d /¢, so tha the assumptions of the lemma imply that w > ¢ > 5. (29) gives

d
1 d c
d+1 d+1 k
p=q-—1 (1+ ) qg—1+t exp{—}<q—1+q exp{—}.
p p w
Therefore, w < qq—_kl + exp {%} < # + e < 3, contradicting w > 5. O

Proof of Lemma 4.22. For any solution (x,y) of (28), x satisfies the two-step recursion f(x) = 0, where
d

f(z) =t%|1+ ! -z

d
d -
t-t (1+tz+q 1) +q-—1

Take x as the largest root of f. Define ¢ := d/q*. Because lim,_,., f(x) = —co, to show (b), it suffices

k
to prove f (czqk q,?_q) > 0, or equivalently,

1 d ko\? 1
(38) (1+ T ) >tcz(kq—) where D=1+
(¢ -q)D+q-1 4 - q (cq )+q—1

Because D < exp{ 2 } < exp{1} < 1.2215,
k

1 ¢4
) > 2.2674°,

1.2215(gk —q) +q — 1

LHS of (38) > (1 +

where the last inequality follows from (37). Moreover, for any ¢ > 4,k > 2,d > 5¢~, we have (¢*/(¢* -
9))? < 1.7778 and t < 1.0312. Therefore, RHS of (38) < 1.8332c?, which is smaller than 2.2674¢
whenever ¢ > 5. This concludes (b). Part (a) follows from (b) and Lemma 4.21. |

5.6. Proof of Lemma 4.31.

Proof of Lemma 4.31. Define s := tdﬂ . By Proposition 4.27, any point on x = 1 + 5 must be on the
right of #}. Therefore we are interested in the point (x,y) where x = 1+ 5 and y = 1+ 55+ Specifically,
we will show f>(x,y) < 0, which, together with the fact that lim,—,+. f2(x, y) = +0o for any fixed y > 1,
implies the existence of xg > x such that fo(xg, y) = 0. However, in order to apply Lemma 4.30, we
further need to show y < x™*. The latter can be done by proving f>(y,y) < 0 due to Lemma 4.25.

We deal with the latter one first. Assume q > 4,k > 3,0orq > 12,k > 2. Then 5 < s < 5.4962

k_ -1 d .
, Z(qq—l) < 0.5085 and (1 - z(q’?—ﬁ) > 0.9580. Set D := (1+ 35)°. By using (37), one can show

D > exp{5/2} > 12.1824. Therefore,

d
_ s(1+—11+D)
f2(1+ 1+ﬁ)_1+(1+ >

q9 —q qg—1
—-Dl|1- CE——
2(¢k-q-1) (1 2(qk—q—1))

1 ko -1
B e
2 —-1+DJ} 2(¢" -q—-1) 2(¢" -q-1)
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5.4962 1
<1+0.5085€Xp{ 5 (1+ 1+D)}—0.9580D<O,

where in the last inequality we use the fact that the function is decreasing in D. The cases (¢, k) =
(4,2), (6,2), (8,2), (10, 2) also holds by directly computing f5.
The first one can be handled similarly. Denote E := (1 + i)d Then D > E'/2. By using (37) again,

k_
E > exp{5}. Consider the case ¢ > 8,k > 3,0orq > 28,k > 2. Then 5 < s < 5.1921, ﬁ < 0.5010

q-1
and (1 - m) > 0.9821. Therefore,

d
s S\ s(1+ =4p)
f2(1+3’1+ﬁ)_1+(1+ 7

7" -q —E(l— q-1 )
2(¢*-q-1) 2(¢*-q-1)

1 k- -1
S L e (e ELE
—-1+DJ) 2(¢*—q-1) 2(¢"-q-1)

1 7 —q q-1
<1+ 1+ ~E{1- ———
eXp{s( —1+E1/2)} 2(¢-q-1) ( 2(¢*-q-1)

1
< 1+0.5010exp {5.1921 (1 + —)} —0.9821E < 0,
-1+ E1/2

where in the last inequality we use the fact that the function is decreasing in E. The remaining cases
(g. k) =(4,3),(6,3),(4,2),(6,2),---,(26,2) also holds by directly computing f;. |
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