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ABSTRACT. We study the sampling problem for the ferromagnetic Ising model with consistent external
fields, and in particular, Swendsen-Wang dynamics on this model. We introduce a new grand model
unifying two closely related models: the subgraph world and the random cluster model. Through this
new viewpoint, we show:
(1) polynomial mixing time bounds for Swendsen-Wang dynamics and (edge-flipping) Glauber dynam-
ics of the random cluster model, generalising the bounds and simplifying the proofs for the no-field
case by Guo and Jerrum (2018);
(2) near linear mixing time for the two dynamics above if the maximum degree is bounded and all fields
are (consistent and) bounded away from 1.

Keyworps. Ising model, random cluster model, Markov chain, mixing time, Swendsen-Wang dynamics,
holographic transformation

1. INTRODUCTION

The Ising model is a classical statistical physics model for ferromagnetism that had far-reaching
impact in many areas. In computer science / combinatorics terms, the model defines a weighted dis-
tribution over cuts of a graph. To be more precise, let G = (V, E) be a simple undirected graph. For
each edge e € E, we have the local interaction strength f. € R, and for each vertex v € V, we have
the external magnetic field (namely vertex weight) A, € R.¢. An Ising model is specified by the tuple
(G; B, A), where B = (fe)ece and A = (A,)yey. We assign spins {0, 1} to the vertices V. For each spin
configuration o € {0,1}", the weight of o is defined by

WtIsing(O') = l—[ ﬁg[a(u)qr(v)] 1_[ Ag(u),

e=(u,0)€E ueV
where I[o(u) = o(v)] is the indicator variable of the event o(u) = o(v). The Gibbs distribution rmiging is
defined by

Wtising (0)
(1) Yo € {0, 1}V, Tising (0) = —

5

ZIsing

where

ZIsing = ZIsing(G§ B, A) = Z WtIsing(T)

re{0,1}V

is the partition function. In this paper we focus on the ferromagnetic case, where . > 1 for all e € E,
with consistent fields, where 1, € (0, 1] for allv € V. Note that by flipping the spins, the last assumption
is equivalent to assuming A, € [1,00) forallv € V.

There is extensive computational interest in simulating the Ising model and in evaluating various
quantities related to it. A major contribution in the rigorous algorithmic study of the model is the
Jerrum-Sinclair algorithm [JS93], which is the first fully polynomial-time randomised approximation
scheme (FPRAS) for the partition function Zysy, of the ferromagnetic Ising model with consistent fields
on any graph. The main ingredient of their algorithm is to show that a natural Markov chain mixes in
polynomial-time to sample from the so-called “subgraph-world” model, which has the same partition
function up to some easy to compute factors.

(Weiming Feng, Heng Guo, Jiaheng Wang) ScHOOL OF INFORMATICS, UNIVERSITY OF EDINBURGH, INFORMATICS FORUM,
EDINBURGH, EH8 9AB, UNITED KINGDOM. E-mail: wfeng@ed.ac.uk, hguo@inf.ed.ac.uk, jiaheng.wang@ed.ac.uk
1


wfeng@ed.ac.uk
hguo@inf.ed.ac.uk
jiaheng.wang@ed.ac.uk

Usually, using self-reducibility, approximately evaluating the partition function is computationally
inter-reducible to approximate sampling [JVV86]. However, in the case of the Ising model, the original
algorithm by Jerrum and Sinclair does not directly yield a sampling algorithm for spin configurations.
This is because inconsistent fields may be created during the self-reduction, making the algorithm no
longer applicable. To circumvent this issue, Randall and Wilson [RW99] showed that when there is no
external field, an efficient approximate sampler for spin configurations exists by doing self-reductions
in the so-called random cluster model. This is a model introduced by Fortuin and Kasteleyn [FK72] and
also has the same partition function as the previous two models up to some easy to compute factors.!

On the other hand, a different Markov chain introduced by Swendsen and Wang [SW87] has shown
great performance on sampling Ising configurations in practice. This dynamics is best understood via
the Edwards-Sokal distribution [ES88], which is a joint distribution on both edges and vertices. The
marginal distribution on vertices is the Ising model, and the marginal distribution on edges is the
random cluster model. Sokal and later Peres® conjectured that the Swendsen-Wang (SW) dynamics
mixes in polynomial-time for ferromagnetic Ising models, and this was resolved in affirmative by Guo
and Jerrum [G]18]. They showed that the edge-flipping dynamics for the random cluster model mixes in
polynomial-time, and this dynamics is known to be no faster than the SW dynamics [Ull14]. Another
consequence of [GJ18] is that there is a perfect sampler for the ferromagnetic Ising model and the
corresponding random cluster model, improving upon the approximate sampler of [RW99]. This is
done via monotone coupling from the past (CFTP) [PW96] as the random cluster model is monotone.

One restriction of [GJ18] is that their result only applies to the ferromagnetic Ising model without
external fields. The original random cluster formulation of [FK72] does not incorporate external fields,
although it is not hard to do so by generalising to a weighted random cluster formulation. Indeed,
Park, Jang, Galanis, Shin, Stefankovi¢, and Vigoda [PJG*17] generalised the SW dynamics P;S\;?g (see
Section 2.3.2 for detailed description) in the presence of external fields. They also showed efficiency of
this algorithm in certain parameter regimes and on random graphs. This left open the question if the
generalised SW dynamics is efficient in general.

To start stating our results, let us first define the mixing time of Markov chains, which measures the
convergence rate and efficiency of Markov chain based algorithms. Let P be a Markov chain whose
stationary distribution is & over the state space Q. The mixing time of P is defined by

VOo<e<1l Tyx(Pe)= )r(naé min {t | drv (Pt(XO, -),rr) < e},
0€E

where dry (y, 7) = % Yioco lp(o) — m(0)| is the total variation distance between two distributions.

First, we show that the edge-flipping dynamics for the weighted random cluster model mixes in
polynomial-time. By adapting [Ull14] to the case with fields, this implies that the generalised SW
dynamics has a polynomial running time for any ferromagnetic Ising model with consistent fields on
any graph, answering the question above.

Theorem 1.1. Let1 < Pin < Pmax be constants. For any ferromagnetic Ising model on graph G = (V,E)
with parameters (Be)ece and (Ay)yev, where fmin < Pe < Pmax and 0 < A, < 1, the mixing time

of Swendsen-Wang dynamics is O(N*m? (m +log %)), where N = min {n, ﬁ}, Amax = MaxXyey Ay,
n=1|V|and m = |E|.

Note that if S, = 1 for some e € E, it is equivalent to remove such an edge. Also if 1, = 0 for some
v € V, it is equivalent to pin v to 0 and then absorb v into its neighbours external fields. Thus, any
ferromagnetic Ising model with consistent external fields can be transformed into one satisfying the
condition of Theorem 1.1. The big-O notation hides a constant factor depending only on Byin and Pax.
See (33) for the details of the hidden constant.

The main technical innovation of ours is to introduce a grand model, which incorporates both the
so-called subgraph world [JS93] and the random cluster model. The subgraph world assigns weights

The random cluster model has a parameter g > 0. The Ising model corresponds to the case of g = 2.
%Peres further conjectured that the sharp mixing time bound is O(|V|1/ 4.
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to subsets of edges, where each vertex of an odd degree in the induced graph suffers a penalty corre-
sponding to its external field (or the lack thereof). Detailed definitions of the basic models are given
in Section 2.1.

The main inspiration of our grand model is the coupling given by Grimmett and Janson [GJ07b]
between the two models above without external fields. Our model assigns 3 states to each edge: 0, 1, 2.
A sample of our model can be generated as follows: first, we sample a subset of edges from the subgraph
world model, and assign 1 to them; then, we assign 0 or 2 to each remaining independently with a
carefully chosen probability. Detailed definitions are in Section 3.1. The marginal distribution of edges
assigned 1 clearly follow the subgraph world distribution, and we show that the non-zero edges follow
the weighted random cluster model (Lemma 3.3). This last step is done using Valiant’s holographic
transformations [Val08]. It is also a generalisation of [GJ07b] in the presence of external fields.

We give a polynomial upper bound of the mixing time of the Glauber dynamics for the grand model
in Section 4 via the method of canonical paths [JS89]. Our construction of the canonical path is a
variation of the original paths by Jerrum and Sinclair [JS93]. The projection of this dynamics to the
non-zero edges is exactly the Glauber dynamics for the weighted random cluster model. We show
that this project does not slow down the dynamics (Section 6), and therefore mixing time bounds for
the weighted random cluster model is a direct consequence. This implies Theorem 1.1. When there is
no field, our argument recovers the result of Guo and Jerrum [GJ18]. However, our argument is both
simpler and more general.

Another important feature of the grand model is that it gives a Gibbs distribution, in the sense that
variables are independent if we condition on a subset of edges which disconnect the graph. This is a
feature absent in the random cluster models. Recently, there is a lot of progress in analysing the mixing
time of dynamics for Gibbs distributions, especially using the notion of spectral independence [ALO20].
Since the domain in our case is not Boolean, we use a generalisation of [FGYZ21] (see also [CGSV21]
for a different generalisation). An important development along this line is that in bounded degree
graphs, spectral independence implies near-linear mixing time of dynamics for the Gibbs distribution
[CLV21a]. To be more precise, they showed a constant decay rate for the relative entropy in this setting.

Back to the Ising model, when the maximum degree is bounded and all external fields are bounded
away from 1, Chen, Liu, and Vigoda [CLV21b] established spectral independence for the subgraph
world model. Using our grand model, this implies spectral independence for the random cluster model
as well. However, since the random cluster model does not have conditional independence, the method
of [CLV21a] does not apply. Instead, we show spectral independence for the grand model in this
setting. Thus, via the method of [CLV21a] and exploiting the fact that the grand model is indeed
a Gibbs distribution, we obtain a constant decay rate for the relative entropy for the (edge-flipping)
Glauber dynamics for the weighted random cluster model. (We apply the result of projecting chains
in Section 6 here again.)

However, this is still not quite enough to obtain desired mixing time bounds for the Swendsen-Wang
dynamics. The reason is that the aforementioned comparison techniques of [Ull14] is an analysis of the
eigenvalues of transition matrices, and thus it works only for spectral gaps but not for relative entropies.
For this last step, we introduce a new comparison argument for the decay rate of relative entropies
between the (edge-flipping) Glauber dynamics and the Swendsen-Wang dynamics in Section 7.

To be more precise, we perform a careful analysis between the Glauber dynamics and the so-called
“single-bond” dynamics introduced in [Ull14]. Our analysis utilises ideas from high-dimensional ran-
dom walks [ALOV19, CGM21]. For both the Glauber dynamics and the single-bond dynamics, we
decompose them into two sub-steps: the down-walk and the up-walk. Using our grand model, we
bound the decay rate of relative entropy for the down-walk of Glauber dynamics. By a new com-
parison argument, we show that the relative entropy also decays for the down-walk of “single-bond”
dynamics with a slightly weaker rate. Finally, we compare the down-walk of “single-bond” dynamics
to the Swendsen-Wang dynamics via a simple application of the data processing inequality. Our analy-
sis not only works for the decay of relative entropy, but also gives a very simple proof (see Remark 7.5)
to the main result in [Ull14].



Theorem 1.2. Let 1 < Puin < Pmaxs A = 3 and 0 < § < 1 be constants. For any ferromagnetic Ising
model on graph G = (V, E) with parameters (f)ccr and (1y)pev, where Buin < Pe < Pmax, 0 < Ay £ 16
ar;ld the mcriilmum degree of G is at most A, the mixing time of Swendsen-Wang dynamics is O(nlog %),
wheren = |V|.

By the same reasoning below Theorem 1.1, we do not lose generality by assuming fni, > 1 and
Ay > 0 in Theorem 1.2. The big-O notation hides a constant factor depending only on Buin, fmax,  and
A. See (34) for the details of the hidden constant.

Comparing to Theorem 1.1, Theorem 1.2 has a faster mixing time bound but comes with two further
assumptions: constant degree bound and no trivial field. It would be very interesting to relax either
restriction. Essentially, the bottleneck in Theorem 1.1 comes from the overhead in the canonical path
[JS93] or multicommodity flow method [Sin92] arguments. Unfortunately, there does not seem to be
any progress in improving the mixing time bound of these methods in the last three decades. Instead,
Theorem 1.2 relies on recent progress of analysing spin systems via high-dimensional random walks
[CLV21a, CLV21b]. This method has very recently been generalised to bypass the bounded degree
restriction [AJK*21, CFYZ22, CE22] in various models. It is an interesting question whether this is
also possible in the setting of Theorem 1.2. To bypass the no trivial field restriction, we would need a
new spectral independence bound, for which there seems to be less progress. In particular, it seems
hard to explain the ©(n'/*) mixing time on the complete graph without fields [LNNP14] with spectral
independence.

Previously, most studies on Swendsen-Wang dynamics focus on the case without fields (with the
exception of [PJG"17] discussed earlier), and are usually for the more general Potts model instead of
just the Ising model. Very sharp mixing time bounds have been obtained recently, either for special
cases of graphs such as Z¢ [BCP*21], or in the tree uniqueness region for general graphs [BCC*22].
Our Theorem 1.2 does not have these restrictions, but it only works with the presence of non-trivial
external fields for the Ising model. In the settings of Theorem 1.2, we conjecture that the sharp mixing
time bound is O(logn). The current argument reduces the analysis of SW dynamics to that of the
single-bond dynamics, as the latter is “no-faster” in a technical sense. However, since the diameter
of the single-bond dynamics is Q(n), it cannot mix in o(n) time [LP17, §7.1.2], making this line of
argument difficult to approach the conjectured sharp bound for SW dynamics.

Lastly, by applying the monotone CFTP [PW96], we obtain perfect sampling versions of the (edge-
flipping) Glauber dynamics in Section 8 for the weighted random cluster models. Using that, we achieve
perfectly sampling for the ferromagnetic Ising model with consistent external fields.

Theorem 1.3. Let 1 < Bpin < Pmax be two constants. There is a perfect sampling algorithm such that
given any ferromagnetic Ising model on graph G = (V, E) with parameters (fe)ecg and (Ay)yev, where
Prin < Pe < Pmax and 0 < A, < 1, the algorithm returns a perfect sample in expected time O(N*m* log n),
1

? 1_/1max
Furthermore, if G has bounded maximum degree A = O(1) and there exists a constant & > 0 such that
Ao < 1=6 forallv € V, the algorithm runs in expected time O(n? log® n).

where N = min {n and Apax = MaxXgyey Ap.

We remark that the overhead in monotone CFTP is O(log |V|) and there is an extra factor m = |E|
to implement each step of CFTP. The hidden constants can be found in (44).

A natural question is if we can relax the assumptions on the parameters in Theorem 1.1, 1.2, and 1.3.
For anti-ferromagnetic Ising models, the sampling problem (either approximate or perfect) has no
polynomial-time algorithm unless NP = RP [JS93]. Even restricted to the ferromagnetic case, Goldberg
and Jerrum [GJ07a] showed that the problem becomes #BIS-equivalent when inconsistent fields are
allowed, where #BIS stands for counting bipartite independent sets. Its approximation complexity is
a major open problem and is usually conjectured to have no polynomial-time algorithm. Thus, it is
unlikely to extend the range of parameters in in Theorem 1.1, 1.2, and 1.3.

Subsequent work. After our paper was posted on arXiv, Chen and Zhang [CZ23] gave a sampling

algorithm of the ferromagnetic Ising model on any graph with running time O(m), where m is the

number of edges, providing all the external fields are bounded away from 1 and all the edge interactions

are consistent and bounded away from 1. This is a setting similar to our Theorem 1.2 without the
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bounded degree assumption. Their work relies heavily on our coupling result, Lemma 3.3. Furthermore,
their algorithm is based on the field dynamics introduced in [CFYZ21], and does not imply mixing time
bounds for either the Glauber dynamics or the Swendsen-Wang dynamics considered in the current

paper.

2. PRELIMINARIES

2.1. The models and their equivalences. Here we define the weighted random cluster model, and
the subgraph-world model. Then we give some equivalence results between them and the ferromag-
netic Ising model.

2.1.1. Weighted random cluster model. The standard random cluster model (at ¢ = 2) is equivalent to
the ferromagnetic Ising model without external fields. To handle Ising models with fields, we need
to introduce weights to the random cluster model. Given a graph G = (V, E), the parameters of this
model are p = (pe)ece and A = (Ay)pey, where 0 < p. < 1 and A, > 0. The weight of any subset of
edges S C E is given by

(2) WtwrC(S) = l_lpe l_[ (1 —Pf) l_[ (1 + l_lAu),

eeS  feE\S Cek(V,S) ueC

where x(V, S) is the set of all connected components of the graph (V,S), where each C € x(V,S) is a
subset of vertices that forms a connected subgraph. The probability that S is drawn is

Wwre (S)

(3) Twre(8) = —

where
Zyre = WrC(G;ps A) = Z Wtwrc(s)
SCE

is the partition function of the weighted random cluster model. The (general) standard random cluster
model allows a uniform weight g for each connected component, and in the special case of 1, = 1 for
all v € V, the weighted random cluster model degenerates to the standard random cluster model at
q = 2. On the other hand, in our model the weight of each cluster depends on the vertices inside it,
which makes it different from the standard random cluster models.

2.1.2. Subgraph-world model. Fix a graph G = (V, E). For any subset of edges S C E, denote by odd(S)
the set of vertices with odd degree in S. The subgraph-world model [JS93] with parameters p = (pe)eck
and n = (1y)yev is defined by following: each subset of edges S has weight

4) wg(®) =] [pe [ 0=0p) [] o
e€S  feE\S veodd(S)
The probability that S is drawn is

Wi (S)
Zeg

(5) 7sg(S) =

where

Zsg = ng(G§ p.n) = Z Wtsg(s)
SCE
is the partition function of the subgraph-world model. In the special case where p, = p € (0,1) for all
e € Eandn, = 0 for all v € V, the weight of any subgraph S does not vanish if and only if S is an even
subgraph, i.e., 0odd(S) = @. This yields the even subgraph model, or the so-called “high-temperature
expansion” in the context of statistical mechanics.
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2.1.3. Equivalences of the three models. We have the following equivalence result among the ferromag-
netic Ising model with external fields, the weighted random cluster model, and the subgraph-world
model. The proof of the equivalence result is given in Appendix A for completeness.

Proposition 2.1. Given any graph G = (V,E), any f = (Be)ece and A = (Ay)pev satisfying f. > 1 for
alle e Eand 0 < Ay < 1 forallv € V, it holds that

(6) (l_l ﬁe) * Zre(G; 2p, A) = ZIsing(G§ B.A) = (l_l(l + /10)) (l_l Be

ecE veV ecE

Zy(G; p, 1),

_1

where p = (pe)eck satisfying pe = 3 (1 - i) and n = (ny)pey satisfying n, = Lt’

In addition, there are also probabilistic equivalence relations among the models, which will be the
topic in Section 3.

Remark 2.2. For the ferromagnetic Ising model (G; B,1) = (G; S, 1), where f, = f > 1foralle € E
and A, = 1 for all v € V, its relationship with the even subgraph model and the random cluster model
is well known (see e.g. [vdW41, FK72, Gri06]). Formally,

B Z e (G 2p, 1) = Ziging (G: B, 1) = 2IVI BIEIZ3, (G; p, 0) where p = % (1 ~ %)

which is a special case of Proposition 2.1.

2.2. f-divergences. A widely-used quantity for measuring the difference between two distributions
is the f-divergence. Let f : R>g — R be a convex function satisfying (1) = 0. Let u be a distribution
with (finite) support Q = Q(u). Let v be a distributions with support Q(v) € Q. The f-divergence

In this paper, we consider three important f-divergences: the total variation distance, the y?-divergence,
and the Kullback-Leibler divergence (KL divergence).
Let f(x) = %lx — 1|. The total variation distance between v and p is defined by

Df (v 1l ﬂ) = Ex~y

dry () = 2 " V() = p(0)].

x€Q
We say the random variable (X,Y) € Q X Q is a coupling between v and p if the marginal distributions
satisfy X ~ vand Y ~ p. The coupling inequality states that for any coupling (X, Y),
(7) Pr(X # Y] > dv (v, p),

and there exists an optimal coupling between v and p such that equality holds.
Let f(x) = x* — 1. The y? divergence between v and y is defined by

2
DIl ::Z%—
x€Q

A similar notion is the relative variance of a function g : Q — Ry over p:

2
Var, (9) = Eulg*] ~Eplg] = ) u(x)g*(x) - (Z p(x)g(x>) .

xeQ xeQ

v(x)
p(x)’

®) dry (v.) < /Dy (v || ).

6
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Let f(x) = xlog x. The Kullback-Leibler divergence (KL divergence) is defined by

D (711 = 3 v g (%) .

A similar notion is the relative entropy of a function g : Q — Ry over u:

Ent, (g) := Eu[glogg] - Eulg] logEulg] = ) u(x)g(x) log g(x) — (Z /J(x)g(x)) log (Z u(x)g(x)) ,

xeQ xeQ xeQ

where the convention is that 0log 0 = 0. Clearly, if g(x) = Zg;, Ent, (9) = Dkt (v || p). The following

Pinsker’s inequality is well known

©) dry (v ) < 201

For any stochastic matrix P that transforms any x € Q to a random y € Q' (Q’ is not necessarily
the same as Q), the following data-processing inequality is well-known: for any f-divergence,

D¢ (vP || pP) < Dy (v || p)

2.3. Markov chains and down-up walks. Let Q be a finite state space. Let (X;);>o be a Markov
chain over Q and P denote the transition matrix. We say P is

e irreducible if for any x,y € Q, there exists t > 0 such that P! (x,y) > 0;
e aperiodic if gcd{t | P'(x,x) > 0} = 1 forall x € Q;
o reversible with respect to y if the following detailed balance equation holds

Vx,y € Q,  p(x)P(x,y) = p(y)P(y, x).

We say the distribution y is a stationary distribution of P if yP = p. If P is reversible with respect to
1, then p is a stationary distribution of P. If P is both irreducible and aperiodic, then P has a unique
stationary distribution. The mixing time of P is defined by

Ve >0, tmix(P,¢):= maécmin{t | drv (P*(x,-), p) < e}
X€E

In this paper, we consider two Markov chains: Glauber dynamics and Swendsen-Wang dynamics.
It will be convenient for us to view Glauber dynamics as a so-called “down-up” walk, which we will
define next.

Let Qg and Q; denote two finite state spaces. Let yy and p; denote two distributions over Qq and Q4
respectively. For f,g : Q; — R, define (f, 9),;, = Xxeq, Hi(x)f(x)g(x). Let PT:Qyx Q; — Rsg and
Pl Q; x Qy — Ry denote two transition matrices. We say P! and P! are a pair of adjoint operator if

VFE:Qo o R g:Q R, (fiPlg), = (P i)
The following equation holds for adjoint PT and P!:
VXO € Qo, X1 € Ql, ,U(](X())PT(X(),Xl) = ,ul(xl)Pl(xl,xo).

Moreover, for any distribution v over Q; and f = ;111’ it holds that

D1 (vPl I ,uo) = Ent,, (PTf) and D (VPl | ,uo) = Var, (PTf) .
It is straightforward to verify P¥ = PLPT and P" = PTP! are self-adjoint, i.e. (f,P¥g),, = (P"f,g),,

and (f,P"g),, = (P"f,9)y,- Hence, P' and P" are reversible with respect to y; and y respectively.
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2.3.1. Glauber dynamics. Given a distribution y with support Q" let Q; = Q¥ and Qy = {0 € QV\{?} |
v € V}. and the current state X € Q, the transition X — X’ of Glauber dynamics can be interpreted
as the following two steps

e down walk Pélauber: pick o € VXuniformly at random and transform X € Q; to Xy, € Qo;
Gl uber’ SAMple ¢ ~ py "\ and transform Xy, € Qo to X’ € Q; such that X}, = ¢ and
V\{v} Xv\{o}-

. up walk P

Let yo = 'uPGlauber be a distribution over Q. Then Pélauber and PGlauber is a pair of adjoint operators with
respect to distributions y; = p and pg. Thus, Glauber dynamics is a down-up walk and is reversible

with respect to p.

2.3.2. Swendsen-Wang dynamics. Let G = (V,E) be a graph. Consider the ferromagnetic Ising model
on G with parameters B = (fe)ecr and A = (A,)yev, Where S, > 1 for all e € E, and the weighted
random cluster model on G with parameters p = (pe)ecg and A = (4,)yev, where p, = 1 — i for all
e € E. Recall ming from (1) and sy, from (3).
Define the following two transformations between Ising and weighted random cluster models.
e Pr_.2 : {0, l}V — 2E. Given any Ising configuration o € {0, 1}V, Pr_ & transforms o into
a weighted random cluster model configuration S € E. For each edge e = {u,v} € E with
o(u) = 0(v), add e independently into S with probability p, = 1 — ﬁlz Formally,

(10) Vo e {0,1}V,SCE, Pr_g(0,S) =1[S C M(c)] - 1—[ (1 - i) l_[ i’
ces \ Pl popons P

where M (o) = {e = {u,v} € E | 0, = 0,} is the set of monochromatic edges with respect to o.

e Pr_7:{0,1}f — {0,1}V: Given any weighted random cluster model configuration S C E,
Pg_, 7 transforms S to an Ising configuration ¢ € {0,1}". For each connected component
C C Vin graph G’ = (V,S), sample xc € {0,1} independently according to the following
distribution

1 with probability IH"ECA
X
“7 o with probability ; +H

and then let o(v) = x¢ for all vertices v € C. Formally,

HveC AU(U)
1+ HZ)EC A

where k(V,S) is the set of connected components in graph G’ = (V, S).

(11) Vo e {0,1}V,SCE Pg_7(S 0)=I[SC M(o)]- ]_[
Cex(V,S)

The Swendsen-Wang dynamics for Ising models is defined by

(12) Péi;lg Pr ®Pr-1,
and the Swendsen-Wang dynamics for weighted random cluster models is defined by
(13) Py = ProrPr_g.

The following adjoint result about Swendsen-Wang dynamics is well-known. However, here we
consider more general Ising models with external fields and weighted random cluster models. For
completeness, we provide a proof of the following proposition in Appendix B.

Proposition 2.3. For any functions f : {0,1}V — R and g : 28 — R, it holds that
(14) <f’ P]_>Rg>ﬂlsing = <PR_>If’ g>7rwrc'

By Proposition 2.3, it holds that migingPr g = Zwre and ZwrcPr— 7 = Tising. Both P;i;lg and Py are
down-up walks, and their stationary distributions are 7ysing and 7y respectively.

Finally, the mixing times of Pésvi\?g and Py have the following relationships:

(15) T (Pl 2) < o (335 €) + 1 and T (P, ) < Toie (P 2) + 1.
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We prove the first one, the second one holds similarly. Let T = T« (P;VV{,C, ¢). For any distribution v

over {0,1}", we have

Isi W1
drv (V(Pss\)l\lflg)T_'-l: ”Ising) =drv ((VP]HR)(PSVI\./C)TPRAIa ”wrcPR—uT)

(by data processing inequality) < dry ((VP 7-Rr)(PSw T ﬂwrc) <e

2.4. Canonical paths and variance decay. Let P denote a random walk over Q that is reversible
with respect to p1. It is well-known that P has real eigenvalues 1 = A; > A; > ... > Aq|. The spectral
gap is defined by

®ap(P) =1 - A,.

Define the Dirichlet form of P by for any functions f,g: Q@ — R,

Ep(f.9) =(f,(I-P)g), = % Z p(x)P(x, y) (f (x) = () (9(x) = 9(y)).

X, yeQ

We can also characterise the spectral gap ®ap(P) in a variational form:

Er(f.f)
Var,, (f)

A useful tool to analyse the spectral gap of a reversible Markov chain is the canonical path introduced
by Jerrum and Sinclair [JS89]. Let P be a reversible Markov chain over the state space Q with stationary
distribution 7. Let yxy = (Zy = X, Z1,Z5, ..., Z; = Y) be a path of length £ moving in the state space
using transitions of P, i.e. for any i € [¢], P(Z;_1,Z;) > 0. For each pair of X,Y € Q, its path yxy is
assigned a weight w(yxy) = p(X)p(Y). Let T be the collection of all canonical paths. The congestion
of T is defined by

(16) @ap(P):inf{ | f:Q— RAVar, (f)iO}

(17) o(I) = — Y W

Q:p( Z)P(Z,Z'
zzyeQrpzz>0 (2,2 oo

where L is the maximum length of path in I'. Sinclair [Sin92] showed that the congestion of any
collection of paths I' for a Markov chain P is an upper bound of the inverse of its spectral gap, namely,

Gap(p) =

Consider the down-up walk PV = PIPT over Q;, where P! : Q; xQp — R and PT:Qyx0Q; — Rso
are a pair of adjoint operators with respect to distribution yy over Qg and y; over Q;. For simplicity,

we denote Q; by Q, and we denote y; by p. The following result holds for PV.

Proposition 2.4. Let PV = PLPT be a down-up walk over Q that is reversible with respect to . For any
0 < 8 < 1, the spectral gap ®ap(P") > § if and only if for any distribution v over Q,

(18) Dy (Vpl I pPl) <(1=8)Dyp (v .
Proof. Let f = ... It holds that
Epe (£ f) = (. D= (£ P Py = (f. oy = (PTE Py, = Var, (f) = Vaxy, (PTf).

Then the lemma follows from D . (vPl | ,uPl) = Var, (PTf), D, (v || p) = Var, (f), and (16). O
9



2.5. Spectral independence and entropy decay. Let Q be a finite set. Let y be a distribution with
support QY. Fix a partial pinning 7 € Q” for some A C V. Define the absolute influence matrix ¥, by

Vuo e V\Awithu #o, ¥ (u0):= mag drv (uZA(uH),yZA(u&j))
i,je
Yoe VA, ¥,(v,0)=0.

where drv (-, -) denotes the total variation distance and ,uf,/\(uHi) denotes the marginal distribution on
v conditional on that variables in A take the value 7 and u takes the value i. We say that the distribution
1 is feo-spectrally independent with parameter ( if

VACV,oe Q"

o
¥

=max » ¥9(u,0) <.
N u¢A§ (o) < ¢
[N

Call p b-marginally bounded if

. : o(e) > b,
AQHYI/{?W\ aerQr}\l,IgeQ Ho (c) 26
In this paper, we are particularly interested in Gibbs distributions. We will consider a slightly more
general than usual version defined over hypergraphs. Let H = (V, &) be a hypergraph. Given weight
functions (¢,)pey and (¢ )ecs, where ¢, : Q — R and @, : Q¢ — R, define the Gibbs distribution
pover Q¥ by

VoeQ', p(o) x| |goo0) | | gelon).
veV ee&
Let G, = (V,E) be a graph such that {u,0} € Eif u € ¢’ and v € ¢’ for some ¢’ € &. For any
disjoint A, B,C C V, if the removal of C disconnects A and B in G,, it holds that variables in A and B
are independent in y conditional on any assignment on C. Define maximum degree D, of the Gibbs
distribution y as the maximum degree of the graph G,

The spectral independence is related to the mixing time of Glauber dynamics. The following result
is proved in [CLV21a, BCC*22] (see also [CLV21b, Theorem 13])

Theorem 2.5 ([CLV21a, BCC*22]). Let{, b, D > 0. For any Gibbs distribution y over QV, where |V| = n,
if u is e -spectrally independent with parameter {, b-marginally bounded and has the maximum degree
at most D, then the down walk of the Glauber dynamics satisfies that

1
Vdistribution v over QV, Dxi (Vpélauber I ‘upélauber) < (1 - C_) Dy (v || p),
n

D l+2[%-‘ . .
where C = (3) > 1 is a constant depending only on {,b and D.

In [CLV21a, BCC*22], they mainly establish the so-called “approximate tensorization of entropy”

property for p. However this is equivalent to the contraction of relative entropy by P! [CLV21a].

Glauber

2.6. Holographic transformation. We will need holographic transformations [Val08] to show cou-
plings between the subgraph-world model and the weighted random cluster model. Let f : {0,1}¢ — C
be a function. We may represent it by a vector (either row or column vector) (fo, -+, fe, -+, fra_y1)
where f; is the value of f on x € {0,1}¢ by regarding x as a binary representation. In the symmetric
case where f is invariant under permutations of indices, we use a succinct “signature” [ fo, - -« , fu, - -+ » fa]
to express f, where f,, is the value of f on inputs of Hamming weight w, i.e. all x € {0,1}¢ satisfying
|x| = w.

Given a bipartite graph H = (V, E) with partition V = V; WV,. Let F = (f,)vev;, and G = (go)oev, be
two sets of functions such that the arity of the function is the degree of the corresponding vertex. The
(bipartite) Holant (an edge weighted partition function) is defined by

Holant(H; ¥ | G) := Z l—[ fo (0' |E(v)) 1—[ u (U |E(u))’

o:E—{0,1} veV; uev;
10



where o |g(y) stands for the restriction of the assignment o to the incident edges of v.”

Let M be a 2X2 matrix and f be a function of arity d. If f is represented by a column (resp. row) vector,
we write Mf = M®2f (resp. fM = fM®9) as the transformed signature. Given Holant(H; ¥ | G) and
an invertible matrix T € C**?, we view signatures in F as row vectors and define FT = {f] | v €
ViAf) = f,T}; and view signatures in G as column vectors and define T™!G = {g,, | v € VoAg, =T g, }.
Valiant’s celebrated Holant Theorem [Val08] states

Theorem 2.6. Holant(H; ¥ | G) = Holant(H; FT | T"'G) for any invertible T € C**2,

3. THE GRAND MODEL AND A GENERALISED GRIMMETT—JANSON COUPLING

We introduce a grand model, inspired by [GJ07b], that unifies the subgraph and random cluster
models introduced in Section 2.1. We also generalise the coupling of Grimmett and Janson [G]J07b]
for ferromagnetic Ising models with external fields. It is possible to also include vertex configurations
in this grand model a la Edwards and Sokal [ES88], so that the Ising model is also unified under this
framework. However it does not appear to have much benefit and we choose not to do so.

3.1. The grand model. Let G = (V, E) be a simple undirected graph. The grand model, specified by
parameters p = (pe)ece and n = (1y)yey Where 0 < p, < 1/2 and 0 < 5, < 1, defines a distribution
7gm over all configurations on the edges of three states X : E — {0, 1,2}. Given an assignment X in
the grand model, denote by X ~!(q) the set of edges that are assigned q under X where ¢ = 0,1, 2. The
weight of each configuration is given by

(19) wmX) =[] pe [| -20p [] w0

eeX 1({12})  fex'(0) ve0(X)

where O(X) is the set of vertices of odd degree in the subgraph (V,X~!(1)). The probability of each

configuration X is
Wtgm (X)
(20) Tgm(X) = ———
gm

where
Zgm = Zgm(Gspm) = ) Wgm(X)
X€Qum(G)
is the partition function of the grand model.
Equivalently, a random sample from the grand model can be generated by the following procedure.

e Step-I: Sample S ~ g, where 7, is the distribution specified by the subgraph-world model
with parameters (p, n); for each e € E, let X(e) = 1ife € S and let X(e) = xife ¢ S.

o Step-II: Independently for each e € E with X, = =, set X(e) = 2 with probability %, and
X(e) = 0 otherwise.

It is straightforward to verify that the outcome distribution is exactly the grand model distribution.

Recall the definition of a Gibbs distribution and its maximum degree in Section 2.5. The grand model
is indeed a Gibbs distribution in the sense of Theorem 2.5. Each edge of G corresponds to a variable,
and each vertex v € V corresponds to a weight function. In other words, this is a Holant-type problem
[CLX11]. Theorem 2.5 applies to Holant-type problems, as explained in [CLV21b, Section 2.2]. The
underlying graph of 7y, (as defined in Section 2.5) is the line graph of G, whose maximum degree is
at most 2A — 1. Thus we have the following observation.

Observation 3.1. The distribution gy, is a Gibbs distribution with maximum degree D < 2A — 1, where
A is the maximum degree of the graph G = (V,E).

The next lemma gives the relation among the grand model, the subgraph-world model and the ran-
dom cluster model.

Lemma 3.2. Let X ~ mgy be a random sample from the grand model with parameter p = (pe)eck and
n = (1y)vev, where 0 < p, < 1/2 and 0 < n, < 1. It holds that

3Holant problems can also be defined for not necessarily bipartite graphs, but we do not need those here.
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e S ={e € E| X(e) =1} follows the distribution specified by the subgraph-world model with

parameters (p, n);
e R={ecE|X(e) =1V X(e) =2} follows the distribution specified by the random cluster model

with parameters (2p, 1), where A, = 11;:77: forallveV.

Namely, X (e) = 1 means e is present in the subgraph-world model (Step-I), and X (e) = 2 means e is
absent in the subgraph-world model, but gets added into the random cluster model in Step-II. X (e) = 0
means e is absent in both models.

The first part of Lemma 3.2 holds trivially. The second part is proved by a generalised Grimmett—
Janson coupling [GJ07b]. The proof of the second part is given in Section 3.2.

3.2. Coupling via holographic transformation. Under the unweighted setting, Grimmett and Jan-
son [G]J07b, Theorem 3.5] discovered a coupling between random even subgraphs and random cluster
configurations. The following lemma is a generalisation to the weighted case via holographic transfor-
mations.

Lemma 3.3. Let G = (V,E) be a graph, p = (pe)ece and n = (ny)vev, where 0 < p, < 1/2 foralle € E
andn, > 0 forallv € V. Let S C E be a random sample from the subgraph-world model (G; p,n). Let
R be S with each remaining edge e € E \ S added into R independently with probability p./(1 — p.).
Then the random subgraph R satisfies the distribution of the random cluster model with parameter (2p, A)

where 1, = 11;//11: forallv e V.

We remark that the second part of Lemma 3.2 is a straightforward consequence of Lemma 3.3. We
need the following lemma to prove Lemma 3.3.

Lemma 3.4. Let G = (V,E) be a graph. Let A = (A,)yey where0 < A, < 1 forallv € V. Foreachv €V,

letn, = 11;/%: It holds that

e [ (=11 (o) @7 3 11w

Cek(V,E) ueC veV E’'CEucodd(E")

where k(V, E) is the set of connected components in graph G = (V,E).

Proof. Define a bipartite graph H with left part V; = V corresponding to vertices in G and right part
V, = E corresponding to edges in G. Two vertices v € V; and e € V, are adjacent in H if v is incident to
e in G. Let d, denote the degree of v in G. Consider the following set of signatures

7O = {0 = [1,01%% + 2, [0,1]%% [0 e V],

1+ 4,
G={9.=1[101] |ecE}.

7_-(2) — { 0(2) — ; ([1’1]®du +AU[1’_1]®du) | v E V}’

We remark that £% = [L75, 170...]. Let T = (}1). Observe that T = (14 2)£? and
T g, = %ge. By Theorem 2.6, it holds that

(22) Holant (H; 7 Q) = (n(l +/10)) (%)lEl Holant (H; F@ g)

veV

This equation is indeed (21) in disguise. The equivalence between the left-hand sides of (22) and (21) is a

simple observation that the signature [1, 0, 1] on the edge forces the spins of vertices in each connected

component C to be the same. Each component contributes a weight 1 + [],cc Ay- The equivalence

between the right-hand sides of (22) and (21) follows from how ¥ and G are defined. This proves

the lemma. O
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Proof of Lemma 3.3. For each subgraph RCEofG=(V,E),

Py 1-2pp
Pr[R=R] = Nu | | Pe (1-py)
sg(G p.n) szc;eue!;lw) ]31 fl;{s g]e:ls ~ Py th 1= pn
Nu| | pe (1-2py)
Sg(G p.n) S;Rue]);il(S) ]z:l[z fl;!R
et e [[a-w0 % [] s

Zsg(Gip:1 ceR FEE\R SCRueodd(s)

(By @1)on (V.R)) = (G | e [ I (1+]‘[Au)
p:n e€R f€E\R UEV Y Cex(V,R) ueC

(By (6)) mﬂ( 2pe) l_[ (1—2pf) l_[ (1+1—[Au).

Zyre eeR fEE\R Cex(V,R) ueC

= ”wrc(R)~ O

4. VARIANCE DECAY OF GLAUBER DYNAMICS ON THE GRAND MODEL

Let G = (V,E) be a graph. Let p = (pe)ecr and n = (1y)yev, Wwhere 0 < p, < 1/2and 0 < 1, < 1. Let
7zm denote the distribution specified by the grand model with parameters p and 5. Let Q(71,) denote
the support of 75m. We use Pglauberm to denote Glauber dynamics on 7y as defined in Section 2.3.1.

Lemma 4.1. The Glauber dynamics PglaupergMm Satisfies that for any distribution v with support Q(v) C
Q(7gm),

4 .
! 1 i I {Pmin; 1- zpmax}
GlauberGM H ﬂngGlauberGM) = ( - m2 DXZ (V ” ﬂgm) >

D (vPl

where Hin = mingey 4, and m = |E|.

By Proposition 2.4, we only need to bound the spectral gap of the Glauber dynamics. The rest of
this section endeavours to show
'

(23) - zpmax} .

This will be proved using the canonical path method adapted from [JS93].

4.1. Construction of the canonical path. Below is the main lemma of this subsection.

Lemma 4.2. For any grand model on a graph G = (V, E) with parameters p = (pe)ect and n = (y)vev,
if0 < ny <1 forallv € V, then there exists a set of canonical pathsT = {yxy : X, Y € Q} for the Glauber
dynamics Py, such that

(1) Wgrn(Xa Y) = ”gm(X)ﬂ'gm(Y);

) lyxyl <m;

(3) for any transition (Z,Z") with |{e : Z(e) # Z’'(e)}| = 1, where the only edge e of discrepancy is
assigned 1 in either Z or Z’, it holds that

(24) D0 wen(y) < Nty min {7 (2), 1 (2')}
vel«(Z,2")ey
where Hyin := min, ny;
(4) for any transition (Z,Z") with |{e : Z(e) # Z’(e)}| = 1, where the only edge e of discrepancy is
assigned 1 in neither Z nor Z', it holds that

(25) E Wgm (y) < min {ngm(Z), ngm(Z')} .
vel:«(Z,2")ey
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Proof. We begin the proof with the construction of the paths. Suppose all vertices and edges are indexed
by distinct integers, and there is a fixed ordering < for all paths and cycles of the graph G. For any pair
of assignments X, Y in the grand model, the canonical path yxy contains two stages, moving from X
to W and W to Y respectively.

Stage 1. (1-edge mending.) Midst this stage we mend the edges assigned 1 in either X or Y but not
the other. Denote the set of such edges D := X~!(1) ® Y~!(1). The resulting configuration W has the
property that (1) for any edge e € D, it holds that W(e) = Y(e), and (2) for any other edge e ¢ D, it
holds that W(e) = X(e).

Let 2k be the number of the odd-degree vertices in D. Then, D can be decomposed into an edge-
disjoint union of exactly k paths Py, - - - , P, and cycles Cy, - - - , Cx-. We pick the unique one such that
Py, -+, Px,Cy, - -+, Cy is the first one in the lexicographic order induced by <.

To move from X to W, we process each of the paths and cycles one by one. For each of them, we first
choose the vertex and edge to start with. When winding (handling) a path, the starting vertex is one
of the two open vertices of the path that has a smaller index; when winding a cycle, the starting vertex
is the one with the smallest index, and the next vertex (which together with the starting one defines a
starting edge) is one of the two neighbours of the starting vertex of the cycle that has a smaller index
than the other one. After deciding the starting vertex and edge, we just move along the path/cycle.
For each of the edge, we set the assignment to it as that in Y. Obviously this gives W satisfying the
properties aforementioned because every edge in D is mended while the rest are left untouched.

Stage 2. (0, 2-edge mending.) None of the conflicting edges between W and Y can be assigned 1 in
either of them. In this stage, we simply change all remaining disagreeing edges from the value in W
to the value in Y one by one according to the order of their indices.

We then show that the set of canonical paths I' constructed above fulfills Lemma 4.2. Assign weight
Wem (¥) = 7gm(X)gm(Y) to the path yxy. The length (number of transitions) of each path yxy is at
most m, because each edge is mended at most once.

We first prove (24). Let (Z,Z’) be a transition with |[{e : Z(e) # Z’(e)}| = 1, where the only edge
e of discrepancy is assigned 1 in either Z or Z’. Note that (Z, Z") will only be used by any path in its
first stage described above. Define a mapping ¢z 2 : Q X Q — Q over any pair of configurations X, Y
whose corresponding path yxy uses the transition (Z, Z’) by

(26) 0z7(X,Y)=U where U(e)=X(e)+Y(e)—Z(e),VeecE(G).

We claim that ¢z 7 is an injection. Given U and Z, we can recover X (e) + Y(e) for any edge e. First
we can find D, the set of conflicting 1-edge in Stage 1, as it is simply {e : X(e) + Y(e) = 1 or 3}. This
gives rise to the unique edge-disjoint decomposition Py, - -, Py, Cy, -+ ,Cy. By looking at Z and Z’,
we know the edge that is currently being wound, and, together with the edge-disjoint decomposition,
the stage of the whole winding process. Therefore, we can continue the winding from Z’ with these
information, and when finished, W (defined in the process Stage 1) is obtained. To further recover Y,
note that e gets mended in Stage 2 if any only if U(e) + Z(e) = 2 and Z(e) # 1. This follows from the
fact that Z(e) (in the first stage) is in line with X (e) so long as Z(e) # 1. Therefore, we can decide all
such edges and mend the assignment to obtain Y. To get X, we just reverse the operations backwards
from Z.

Wgm (y). The goal here is to bound the following ratio

Given this injection, we compute Yy cr.(z,2/) ey
Tom (X) 7Tem (Y Wtom (X)Wtgm (Y
(27) M, or equivalently, g (X) Wi (V) .
ﬂgm(U)”gm(Z) thm(U)thm(Z)

Recall that this ratio may contain two kinds of factors, emerging from both the vertices and edges. For
the factor from edges, the construction of U ensures that (1) if X(e) + Y(e) = U(e) + Z(e) € {0, 1, 3, 4},
or X(e) + Y(e) = 2 and X(e) # 1, then it must holds that either X(e) = U(e) and Y(e) = Z(e),
or X(e) = Z(e) and Y(e) = U(e); (2) if X(e) = Y(e) = 1, then e never gets mended throughout
the canonical path, and hence Z(e) = U(e) = 1. In either case, all the terms rising from the edges
in the numerator and denominator cancel. The terms rising from the vertices come from those in
O(X),0(Y),0(U),0(2). 1t is not hard to see that the ones that do not get cancelled only arise from
the current cycle or path that is being processed, and more specifically, the vertex incident to the two
14



edges wound before and after Z, which contributes twice, and the starting vertex of the current cycle,
which contributes twice as well. Therefore,

”gm(X)ﬂgm(Y) < 4

9 T (D) g (2) "

as 0 < n, < 1for all .
Then, (24) follows from (28) that

(By definition) Z Wem(Y) = Z Tom (X) g (Y)
yeT:(Z,2" ) ey X,Y:(Z.Z")eyxy

(By (28)) Sl D Ten(D)Tm(z2/(X,Y))
X,YI(Z,Z’)EYXY

(¢z,z is injective) < N Tgm (2).

We construct the other mapping (p'Z’Z, (X,Y) by taking ¢z 7 (X,Y)(e) = X(e) + Y(e) — Z’(e). The
same argument shows that 3 cr.(z z)ey Wem(y) < Nt mem(Z').

To prove (25), we look at the transition step (Z, Z’) with |[{e : Z(e) # Z’(e)}| = 1 where the only edge
e of discrepancy is assigned 1 in neither Z nor Z’. We use the same mapping ¢z 7 (X, Y) as above, and
claim it is still injective in this case. Recall that e gets mended in Stage 2 if and only if U(e) + Z(e) = 2
and Z(e) # 1, and we can again determine the edges to be mended in Stage 2. Moreover, by looking
at the difference of Z and Z’, we know the index of the edge being mended, and therefore we can
continue this process manually according to the instruction of Stage 2, knowing which edges to mend,
to obtain Y. To get X, we first go backwards from Z to the beginning of Stage 2 to obtain W, and revert
the whole Stage 1 using the same argument aforementioned.

To show (25), note that the edge factors in the ratio of (27) again cancel, and because no edge with
assignment 1 is involved, the vertex factors cancel as well. Hence the ratio is exactly 1, and (25) follows
according to the same calculation. O

4.2. Total congestion and rapid mixing. We next bound the total congestion for Iyy,. For each
transition (Z, Z’) such that |{e : Z(e) # Z’(e)}| = 1, where the only edge of discrepancy is assigned 1
in either Z or Z’, we have

L Z w (}’) < m’?{fn min{ngm(z),ﬁ'gm(z/)} —: (&)
ﬂgm(Z)Pgm(Z, Z’) yer: e B ”gm(Z)Pgm(Z, Z')
(z.z")ey

by Lemma 4.2. To continue the calculation, there are several cases (Z(e), Z’'(e)) = (0,1), (2, 1), (1,0), (1, 2).
Below we only prove the case (Z(e),Z’(e)) = (0,1). The rest cases can be argued the same way and
yield the same bound. Let e = (u, v). There are some more subcases, depending on if u or v is in O(Z).

e 4,0 ¢ O(Z). In this case, setting the edge to 1 leads to extra factors from both vertices in Z’.
Cancelling all the edges and vertices not involved, we obtain

— mznr;l‘iln min{1 — 2pe, peflulo} < mznr:iln min{1 — 2pe, pefuio} < mzq;‘fn

(&) = < <
(1-2pe) (1—2pe;)fg:e’371rzu)+pe (1= 2pe) (Petulto) L= 2pe

where we use the fact that ,,n, < 1.

e 4,0 € O(Z). In this case, setting the edge to 1 removes the factors from both vertices in Z’.
Cancelling all the edges and vertices not involved, we obtain
(a) = mzqr;?n min{(1 — 2pe)Nuno, e} < mZUI:iln min{(1 — 2pe)Nulos Pe} < mzqr;?n
(1 B 2pe)’7u’70 (l_zpe)ﬂu’iipe"ﬁe']u’?v (1 - 2pe)’7u’7”pe pe

where we use the fact that ,, 1, < 1 again.
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e WLOG suppose u € O(Z),v ¢ O(Z). In this case, setting the edge to 1 causes the vertex factor
to switch. Cancelling all the edges and vertices not involved, we obtain

(‘) _ mznr:l‘iln min{(l - 2Pe)’7u, Pe’]u}
B — Pello .
(1 2pe)’7u (1—2pe)r]u+(per,v)+(pe,7u)

If , < 1y, then above becomes
2.,—4 : Nu _
m?n ¢ min{(1 - ZPe)E,Pe} . mn ¢

_ Nu Pe
(1=2pe) 3 r——In Pe

Otherwise, it can be written as
M0 i Min{(1 = 2pe), e} m?nt
< .
Pe g T 1-2p,
(1=2pe) (1-2pe)+pe 12+pe

For each transition (Z, Z”) such that |{e : Z(e) # Z’(e)}| = 1, where the only edge of discrepancy is
assigned 1 in none of Z or Z’, the calculation is similar as above but simpler. WLOG assume Z(e) = 0
and Z’(e) = 2.

L m min{Tem (2), mem(Z’
(Lemma 4.2) - Z Wem(y) < {7gm(Z) gmg )
”gm(Z)Pgm(Z,Z ) yer: ”gm(Z)Pgm(Z>Z )
(2.2")ey
m? min{1 — 2pe, p.} 1 1 5 _o
(Worst case of 1 terms) < < min { —, men o
(1=2pe) b pe’ 1-2pe :

1=2petpetpe ﬁ
There is no canonical path using the self loop (Z, Z), so the congestion is zero. In all, the congestion is

: }, from which (23) follows.

2,4 1 _ 1
bounded by m*n_: max {pmin’ oprs

5. ENTROPY DECAY OF GLAUBER DYNAMICS ON THE GRAND MODEL

In Section 4, we analysed the variance decay of Glauber dynamics on the grand model. We now
continue to analyse its relative entropy decay. Let G = (V,E) be a graph, and p = (p.)ecg and n =
(10)vev be the parameters, where 0 < p, < 1/2forany e € E and 15, > 0 for any v € V. Let 7, denote
the distribution specified by the grand model with parameters p and 5. Let Q () denote the support
of 7gm. We use Pglaubergm to denote Glauber dynamics on 7gp,.

Lemma 5.1. If0 < n, < 1 forallv € V, then for any distribution v with support Q(v) C Q(mgm),
Glauber dynamics Pglaubergm Satisfies

l l 1
DKL (VPGlauberGM ” ]TngGlauberGM) = (1 - a) DKL (V H ﬁgm) ’

where C = C(A; Umin;pmin,Pmax); Hmin = min,ey Nos Pmin = mineeEpe: Pmax = MaXeeE Pe, A is the
maximum degree of G and n = |V/|.

Remark 5.2. For interested readers, the constant C in the lemma above can be taken as

162
2+— — -
2 A Tnin min{1-2pmax.Pmin }

C=Al5—
Umin min {1 - 2pmax, Pmin}

Lemma 5.1 is proved by Theorem 2.5. To apply Theorem 2.5, we need to verify (1) 7y, is a Gibbs dis-
tribution with maximum degree D = 2A — 1; (2) 7gn, is £o-spectrally independent; (3) 7y, is marginally
bounded. The rest of this section is dedicated to the proof of Lemma 5.1.

Lemma 5.3. 7y is feo-spectrally independent with parameter { = O(A*/n?. ).

We need the following result in [CLV21b] to prove Lemma 5.3. We view the subgraph world as a

distribution over {0, 1}£, where each Y € {0, 1}* correspondsto S = {e € E | Y, = 1}.
16



Lemma 5.4 ((CLV21b)). LetG = (V, E) be a graph with the maximum degree A > 3. Let p = (pe)ecr and
N = (Mo)ocv, where 0 < p, < 1/2 and 0 < n, < 1. The distribution s specified by the subgraph-world
model with parameters (p, n) is €w-spectrally independent with parameter { = O(A*/n? . ).

Remark 5.5. In [CLV21b], the authors only formalise the proof for the uniform case (i.e., all n,’s take
the same value) while stating that the argument works for non-uniform case without a proof. This in
fact holds true by going through the proof and taking the worst region of stability. The final spectral

independence parameter is
2

1+’7min 1/A + 1
1="min

( 1+1min )1/A -1

1="min

(=38 ~ 8A2/’73nin‘

Note that the A in their paper is actually p/(1 — p) in our formulation of the subgraph-world model
(under the uniform edge parameter setting). Also note that we are only considering the region 0 < p <
1/2, so the A in their paper is bounded from above by 1.

Proof of Lemma 5.3. Fix a pinning ¢ € {0,1,2}* for some A C E. According to the definition of the
grand model, to draw X ~ 7y, we first sample Y ~ 7, (where Y € {0, 1}F as we view Tsg aS a
distribution over {0, 1}¥), then flip independent coins for each e € E with Y, = 0. Define the pinning
T e {0, 1}° by 7. =1if o, = 1 and 7, = 0 if 0, = 0 or ¢, = 2. Consider the influence

\I/cf e = max {d (ﬂ,a/\e(—O ﬂ,cr/\w—l) d (ﬂ,a/\w—o 7_[0'/\e<—2) d (ﬂ,cr/\e<—1 ﬂ,a/\e<—2)}
”gm( ’f) TV gm’f L] gm’f s UTV gm’f b gm,f > UTV gm,f > gm’f H]

where e, f € E\ A and e # f. Since each coin flipping is independent with the random sample from

TTom, We can couple two distributions 7°/¢~ and 7°/¢~! as follows:
& gm.f gm.f
/ : 3 TAe<—0 TAe«—1,
e sample Yy, Yf from the optimal coupling between e and LA

o flip a coin C independently with probability of HEADS being lj_j—gf;

o if Yy =1, let Xy = 1; otherwise, if the outcome of C is HEADS, let X = 2, if the outcome of C
is not HEADS, let Xr=0;

o if YJQ =1, let X]’C = 1; otherwise, if the outcome of C is HEADS, let X’. = 2, if the outcome of C

f
is not HEADS, let Xj} =0;

It is straightforward to verify that (X, X ],”) is sampled from a coupling between ngn’:jﬁ_o and ﬂgrgj;_l
By the coupling inequality (7) and as Y and Y; are optimally coupled, we have
ANe«—0 Ne—1 7| _ 7| _ Ne«—0 Ne—1
drv (mg05 = mgns ™) < Pr[Xp # X | = Pr|Yy # Y| = dry (mipe 0 mine ).
Similarly, we have
Ae—0 Ne—2)\ _ Ae—1 Ne—2 Ne—0 Ne—1
drv (29050 m205 ) =0 and dry (ngns mO0GE) < dr (mipe Tt mie ).
Hence, by Lemma 5.4,
‘\Ifgmms‘\lfsfgmsg. i
Lemma 5.6. 7y, is b-marginally bounded, where b = nfnin min {1 — 2pmax, Pmin }-
Proof. Consider the marginal distribution of an edge e = (u,0v). Let ey,..., ex be the edges adjacent
to either u or v (but not both). Suppose we have an arbitrary pinning X on A C Eande ¢ A. Let Y
be an arbitrary pinning on A U {ey, ..., ex} that is consistent with X. The true marginal of e under X

is a linear combination of marginals conditioned on all possibilities of Y (namely, we first sample Y
and then sample e conditioned on Y). Thus, to establish a lower bound, it suffices to establish a lower
bound under any Y. Given Y, the marginal of e depends only on p, and whether u or v is in O(Y).

These cases are verified as follows.
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o u,0 ¢ O(Y*?), where Y~ is the configuration of Y with e further pinned to 0. In this case
the marginal is at least

min{l - Zperpenuﬂv,pe}
1- zpe + Pelullo + Pe
Note that the denominator is no greater than 1 because 7,7, < 1.
e u,0 € O(Y®*?). Then the marginal is at least
min{l - ZPeUuUu, pe,peﬂunv}
(1 - Zpe)nuﬂv t+ Pe + Pellully

e In the remaining cases, assume w.l.o.g. u € O(Y¢™?) while v ¢ O(Y*™?). Then the marginal is
at least

> min{1 — 2pe, Pefullo}-

> min{(1 — 2p¢)Nulle: Pe}-

min{(l_ZPE)%ﬁe%}
min{(1 — 2pe)fu; Pello: Pelu} _ | (1-2pe) Ttpetpe 2

(1_22)u+ev+eu_% 1 — uc 1
Pe)llu + Pello + Pel] G2pepe e > min{(1 - 2pe), pey* }: otherwise.

> min{(1 - 2pe)7]—:‘,pe?7—';}, if ny < no;3

In all cases, the value
b= Urznin min {1 - 2pmax: pmin}

suffices as a marginal lower bound. O

Proof of Lemma 5.1. Combine Theorem 2.5, Observation 3.1, Lemma 5.3, Lemma 5.6 and m < nA. O

6. RAPID MIXING OF GLAUBER DYNAMICS ON THE RANDOM CLUSTER MODEL

Let p = (Pe)ece and n = (ny)pev, where 0 < p, < 1/2 and 0 < 5, < 1. Let 7y, denote the
distribution specified by the random cluster model with parameters 2p and A, where A, = 11;:77: Let
Q(7yrc) denote the support of 7. We use Pglauberrc to denote Glauber dynamics on .

Lemma 6.1. Let my be the distribution specified by weighted random cluster model with parameters
(2p,A). The Glauber dynamics Pglauberrc Satisfies that for any distribution v with support Q(v) C

Q(]Twrc),

! 1 o
¢ DXZ (VPGlauberRC ” ﬂwrCPGlauberRC) < (1 - W) D)(z (V ” ﬂwrc),

l l 1
* Dxu (VPGIauberRC ” nwrCPGlauberRC) < (1 - ﬁ) Dxr (V || ”wrc),
where
1= Amax |’
max .
=|————] min in, 1 — 2 R
( 1+ Amax) {Pmm Pmax}
256A2
C=A ( 8A )2+(I—Amax)‘lmin{l—zpmax,Pmin)
(1 - Amax)z min {1 - zpmax, Pmin} ’

Amax = MaXyev Ay , Amin = MiNyey Ay, Pmax = MAXeeE Pes Pmin = MiNeeE Pe, A is the maximum degree of
G,n=|V| and m = |E|.

Lemma 6.1 projects the decay results (Lemma 4.1 and Lemma 5.1) from the grand model to the
random cluster model. Lemma 6.1 is proved by a comparison lemma in Section 6.1 that works for
general projections and f-divergences.

Lemma 6.1 provides an entropy decay rate and a y*-divergence decay rate. When Apy is bounded
away from 1, the entropy decay rate is better. On the other hand, the y?-divergence decay rate has a
better dependency on 1 — Ayay. In particular, when Apay = 1, namely when some vertices do not have
external fields, neither statement provides any decay. In such cases, we can perturb A by a factor of
1/n. This incurs a cost of a polynomial factor in n for @ and an exponentially large factor for C. Thus,
we need to apply the y?-divergence decay rate in Lemma 6.1 after perturbation in the Ay.x = 1 case.

Specifically, in Section 6.2 we showed the following.
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Lemma 6.2. Let myy. be the distribution specified by the weighted random cluster model with parame-
ters (2p, A). The Glauber dynamics Pglauberre Satisfies that for any distribution v with support Q(v) C

Q(]TWI'C)J

p!

l
D, (VP GlauberRC

GlauberRC | 7wre D)(Z v II Zwre) -

) min {pmins 1- 2pmax}
<[1-
10%n*m?

We remark that both Lemma 6.1 and Lemma 6.2 consider the random cluster model specified by
parameters (2p, A). Combining Lemma 6.1 and Lemma 6.2, we have the following mixing result for
the Glauber dynamics on random cluster model.

Theorem 6.3. Let G = (V, E) be a n-vertex and m-edge graph with maximum degree A. Let p = (Pe)ecE
and A = (Ay)pey, where 0 < p, < 1 and 0 < A, < 1. Let 7y, be the distribution specified by the random
cluster model with parameters (p, A). The mixing of Glauber dynamics PglayberRC 0N Twre Satisfies

4
. 1 1
Tiix (PGlauberRCa 5) <G (pmin: pmax) © min {Tl4, ( ) } -m? - (10g -+ m) >
1 — Amax €

where Ci (Pmins Pmax) = O (min{pmml,l—pmax} log min{pmml,l—pmax} )
Furthermore, if there exists § > 0 such that A, < 1— 9 for allv € V, then the mixing time satisfies

1
Tmix (PGlauberRCa g) < Cz(A, 5’ Pmins pmax) ‘n (log n+ 10g ;) 5

ol 22
A ) 54 min{ppin.1-pmax}
&2 min{pminal_pmax} :

Where CZ(Aa 53 pmin, pmax) = (
Proof. Let 7yremin = Mingcg Tyrc (S) denote the minimum probability in 7yy. It is straightforward to
verify that yyemin = mMin{pmin, 1 — pmax}™/2™*". By the data processing inequality,

Df (VPglauberrC || wre) = Df (VPglauberrC || ZwrePGlauberrc) < Df ( llauberRC Il ”Wrcp(l}lauberRC)

By Lemma 6.1 and Lemma 6.2, we know that after each transition step of Glauber dynamics, the y?-
divergence and KL-divergence between the current distribution of the stationary distribution decays
by factors specified earlier The y?-divergence between the initial distribution and the stationary dis-
tribution is at most ~ , and the KL-divergence is at most log . By Lemma 6.1, Lemma 6.2,

and (8),

Thwre, min *

10* 1 + Amax 1
Tnix (PGlauberRCs €) < — - min log ——
mix auber’ min {pmin/z’ 1- pmax} _ Amax g 2 Twremin

4
. cmin dnt [ ——— | Lomz . [1og 2
< C1(pmin> Pmax) - min {n ’(1—/1max) } m (log€+m).

Note that 1 < 1+ Ay <
By Lemma 6.1, (9) and m s An, ifforall A, < 1 -6, then we have 1 — A« > § and

256A2

Tonix (P, )< A 84 B +log —
mix \L'GlauberRC> €) = 52 min {1 — pmax,pmin/Z} n|loglog P og ¥
1
< CZ(A: 5, Pmins Pmax) ‘n (log n+ log E) . o

6.1. Comparing the decay rates of down walks. Here we consider a general projection from a
larger state space to a smaller one. Let Q and R be two finite sets, and let Q € Q" be the state space.
Consider a mapping g : Q — R. (Note that here we can restrict R to the range of g without changing
the rest of the argument. In other words, after the mapping the effective domain is never larger than

Q, although we do not need to require |Q| > |R| a priori.) Given any ¢ € Q, we map o to 7 = (7)yev,
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where 7, = g(0,). We abuse the notation and denote 7 = ¢g(0). Let Q' = {g(0) | ¢ € Q} C RY. Define
the projection matrix P : Q x Q" — {0,1}:

VoeQ,reQ’, P(or1)=1[r=g(0)].

We remark that P is a stochastic matrix.
Let 7 be a distribution with support Q. Define the distribution g = 7P with support Q’. Let Pélauber o
Q X Q4own — Ry denote the down walk of Glauber dynamics on 7, where Qqown = {ov\(0) | © €

V Ao € Q}. Given any configuration o € Q, P picks a variable v € V uniformly at random, and

Glauber T

then transforms o to oy (,) by dropping the value of v. Similarly, let PGla uber denote the down walk

of Glauber dynamics on the distribution y = zP.

Lemma 6.4. Let0 < § < 1. Let f : Ryo — R be a convex function with f(1) = 0. If Glauber satisfies
that for any distribution v with support Q,

1 !
Df (VPGlaubern ” ﬂPGlauber,n’) < (1 - 5)Df (V ” 7[)’

then p

Glauber satisﬁes that for any distribution ¢ with support Q’,

Df ((P Glauber,u H H Glauberp) = (1 _5)Df ((‘0 ” /l)

Proof Given any p € Qgown, We can map p to n = g(p), where 1, = g(p,) for any variable u. Let
={9(p) | p € Qdown}. Define the projection matrix P’ : Qqown X Q. — {0,1}:
Vp € Qdown, 1 € Qdown’ P,(P, n) =1[n=g(p)].

We remark that P’ is a stochastic matrix. Since both P and P’ project the value of each variable inde-
pendently, the following equation is straightforward to verify

!
(29) PGlauber,ﬂ P'=P- PGlaubery

down wn

For any configuration 7 € Q’, define the distribution z7 over Q by
I[g(o) = r]n(0)
p(r)
For any o € Q, let 7 = g(0), it holds that 7(0) = p(r)n"(o). Fix a distribution ¢ with support Q’.
Define the distribution v by

VoeQ, n(o)=

(30) VoeQ, v(o)=¢(r)xr"(0c), wherer=g(0).
We have
(31)
v(o)\| _ (D" (0)\]| _ (1)
R U e | Rt i e | R U ey LR L

By the definition in (30), we have for all 7 € Q’,
WP (D)= > vy =g > ()=o),
o:g(o)=1 o:g(o)=1
which implies ¢ = vP. Recall that y = 7P. We have

l _ l
Df ((P Glauber, ” H PGlauber,y) - Df (VPPGlaubery ” 7PP Glauber /,t)

(by (29)) - Df( Glauber, n'P H 7P Glauber nP/)

| =P

(by data processing inequality) < Dy (VPl Clauber ”)

Glauber,z
(by assumption) < (1-3)Dy (v || 7)
(by31)) =@-8)Ds(ellp. o

We are now ready to prove Lemma 6.1.
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Proof of Lemma 6.1. Let Q = {0,1,2}F denote the support of mgm. Define the map g by g(0) = 0,
g(1) = 1and g(2) = 1. By Lemma 3.2, it holds that 7w, = 7gmP. Lemma 6.1 follows from Lemma 4.1,
Lemma 5.1 and Lemma 6.4. O

6.2. Faster mixing via perturbed chains. Given a subgraph-world model (G; p, i), we define the
“perturbed” model (G; p, i) by

(32) ﬁvz{%’ if0<n, <3

Ny, otherwise.

Call the induced distribution 7y,. Take a random subgraph S according to 7ys, and add each remaining
edge e € E \ S with probability p./(1 — p.) to obtain R. By Lemma 3.3, the resulting distribution
170 —1
1477,

is Twre (G; 2p, ;l\) = TTwre, Where ;1\1, = . Let Py denote the Glauber dynamics on Tyye. Let Pyre

denote the down-walk of Pyre. Applying the first item of Lemma 6.1 to the perturbed random-cluster
model (G;2p, A) yields that for any distribution v,

min {pmin, 1- 2pmax}
- m2n*

Dy (v || Twre)

DX2 (VPwrc ” TwrePwre ) < (1

By Proposition 2.4, we know that
min {pmins 1- 2pmax}
m?n4 ’
Based on this, the main effort of this subsection is to bound the spectral gap of the original model

(G;2p, A) via the bounds for (G;2p, X)

We start with comparing the two distributions.

Gap(Pyre) >

Lemma 6.5. ForanyR C E,
Tlwre (R)

Twre(R)

Proof. Let n = |V|. If n = 1, the only possible R is @ and the lemma holds. We assume n > 2 in the rest.
To prove the first inequality,

1
- < <e.
9

Twre(R) _ Zwre Whyre(R) _ Zyre l_[ 1+ []yec ;1\14

Tare(R)  Zo Where(R)  Zo 1+ [Tyec Au

Cek(V,S)

Note that 22 > 1 because A, < Ay, which implies that the weight of each configuration of the random

WIC

cluster model decreases after replacing A with A. The second term can be handled by

1_[ 1"‘1_[14€C;1\u2 Huec;fuz(n_l)nzl
1+ HuEC Au HuEC /114 9

Cek(V,S) Cex(V,S)
asn > 2.
For the second inequality, the definition of 7., together with the relation between Zy,. and Z; in

Equation (6), gives
Fm(®  ZGipn) Toev o Toewm (14 Tucc )
Twre(R) ng(GZ p; ﬁ) [Toev ﬁ HCGK(V,R) (1+ [Tyec Au) '

There are three terms. For the first one, note that 77, > 7, for all v, indicating that the weight of each
configuration of the subgraph-world model is increased after replacing n with i. As such, it is less

or equal than 1. The third term is also less or equal than 1 due to A, < A,. The second term can be
bounded by

1 —
[Toev 1+, _ HueV(l +770) - (1 . l)n .
Hvev ﬁ HUEV(l + ’711) B n

which concludes this lemma. m|
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We also have a bound on the ratio of the transition probability between the original and perturbed
model in the Glauber dynamics.

Lemma 6.6. Let Py, and Fw; be the transition matrices of Glauber dynamics on the random cluster
models (G;2p, A) and (G; 2p, A) respectively. Then it holds that

1 Pye(2,2

— < Pure(2.2°) <% foralllZ®Z|=1.

9¢ ~ Pyre(Z,27)
Proof. Assume Z' = Z+e where e ¢ Z. The case Z’ = Z — e where e € Z follows by a similar argument.
We then have

l < EV;:(Z’ Z,) _ Ev;c(z,)(”wrc(z) +7Twrc(Z,)) < 9 O
9 = Pwc(Z,Z")  (Fre(Z) + Tare(Z') tre(Z7) —

Now we are ready to prove Lemma 6.2.

Proof of Lemma 6.2. Fix a test function f. Denote by E(f, ), g(f, f) the Dirichlet form of Py, and Pore
respectively. Denote by Var[ f] and Var[ f] the variance of f with respect to /e and 7Ty, respectively.
Then by Lemma 6.5 and Lemma 6.6,

D, Awe(X)Pure(X,Y) (F(X) = f(Y))?
X, YCE

E(f. ) _ xevi=t

Varlfl Y mure(X)mne(Y) (F(X) = £(Y))?

X,YCE
| XeY|=1
= D) AmCOPm(XY) (FX) - f(V)?
X,YCE —~
. X@Y|=1 S La(f;f)‘
T8l Y A Fem(V) (F(X) = f(¥))? 10% Var[f]
oot

Therefore, ®ap(Pyrc) > #@ap(ﬁ\;;) > W Lemma 6.2 follows from Proposition 2.4. O

7. RAPID MIXING OF SWENDSEN-WANG DYNAMICS

Having analysed the edge-flipping dynamics, now we turn to relating it with the Swendsen-Wang
dynamics. From this point on, we no longer need the grand model. We first reiterate the settings for
clarity. Let G = (V,E) be a graph. We consider the Ising model on G with parameters A = (4,)yev
and B = (Pe)eck, where 0 < A, < 1forallv € V and . > 1 for all e € E, as well as the weighted
random cluster model on G with parameters p = (p,)ecr and A = (1y)pey, where p, = 1 — ﬁie for all

e € E. Let mging over Q7 = {0, 1}V denote the Gibbs distribution of the Ising model, and 7y, over
Qg = {0, 1}% denote the distribution of the weighted random cluster model. We remark that we view
Twre as a distribution over {0, 1} instead of 2F.

Let Py = Pr— 7 Pr & denote the transition matrix of the Swendsen-Wang dynamics for weighted
random cluster models as defined in Section 2.3.2, and Pglauberrc denote the transition matrix of the
Glauber dynamics for weighted random cluster models. In this section, we compare the Swendsen-
Wang dynamics with the Glauber dynamics. Ullrich [Ull14] showed the following result about the
variance decay (spectral gap) of the Swendsen-Wang dynamics.

Lemma 7.1 ([Ull14, Remark 2 and Theorem 5]). Suppose 0 < A, < 1 forallv € V. It holds that

(ﬁap (PGlauberRC)

Gap(Pgy) > )
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The above result is proved in [Ull14] in the case where p, = p € (0,1) foralle € Eand A4, = 1
for all v € V.* The model we consider allows that each e has different p. € (0,1) and each v has
different A, € (0,1]. However, there is no substantial change required to generalise it to our setting.
Alternatively, we provide a somewhat simpler proof of Lemma 7.1 in Remark 7.5.

Lemma 7.1 only compares the decay rate of the variance. The main technical result in this section
is the following comparison lemma on the decay rate of the relative entropy.

Lemma 7.2. Suppose0 < A, < 1 forallv € V. Let 0 < § < 1. For any distribution v over Qg, if

Dy (Vp(l}lauberRC H ”Wrcp(l}lauberRC) = (1 - 5)D KL (V ” ”wrc) )

then it holds that
)
Dia (35 1 135 < (1= ) Dre (1 7).
We are now ready to prove the main results in Theorem 1.1 and Theorem 1.2.

Proofs of Theorem 1.1 and Theorem 1.2. Let Tyyemin = Mingcr Ty (S) denote the minimum probability
in 7y Itis straightforward to verify that yye min = min{pmin, 1—Pmax }™/2™*". By the data processing
inequality, Proposition 2.3 and Proposition 2.4, we have

DXZ (VPEI\{/C Il ”wrc) = DXZ (Vpév\;/c Il ﬂwrCPQNV{/C) < DXZ (vPro1 || 7wrcPr—1)

< (1=Gap(Pey)) Dy (v | 7rwre) -

A lower bound of ®ap(Pgy;) can be obtained by Proposition 2.4, Lemma 6.2 and Lemma 7.1. Let C; be
the constant in Theorem 6.3. By a similar calculation as that in the proof of Theorem 6.3, we have

4
1 1
Tmix(ng\;]C: £) < 2C (pminspmax) - min {n4, (1 2 ) } m* - (log -+ m) .
— /‘max £

By (15), the mixing time of Swendsen-Wang dynamics on Ising model satisfies

4
; , . 1 1
Tmix(Pés\;\?ga 5) < C] (ﬁmin’ ﬂmax) © min {n4> (—) } -m? - (Iog -+ m) )
1- Amax €

where ppin =1 — /3;’ Pmax = 1 — ﬁL and thus

5
max

C; (,Bmin; ﬁmax) =0 ( ! ! )

. log —
mln{pminy 1- Pmax} & mln{Pmin, 1- pmax}
ﬁmin ﬁmin
33 =0||——+ 1 —_—+ .
( ) (( 1- ﬁmin ﬁmax o8 1- ﬁmin ﬁmax
This proves Theorem 1.1.
For the decay of the relative entropy, the initial KL-divergence is at most log

———. Let C; be the
constant in Theorem 6.3. By Lemma 7.2, Lemma 6.1, and (9), we can use a similar calculation as that in
the proof of Theorem 6.3 to obtain

1
Tnix (P3w » €) < 4Co(A, 8, Prmin, Pmax) - 1 (logn + log ;) .

By (15), the mixing time of Swendsen-Wang dynamics on Ising model satisfies

sin ’ 1
TmiX(P;Wg, €) < Cy(A, 8, Prins Pmax) 1 (log n+log ;)

4In [Ull14], Ullrich proved this for general random cluster models with an arbitrary ¢ > 1, but when ¢ # 2 that model
cannot be easily translated to the notation we use.
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where

o a?
5% min{ppin,1-pmax}

A | (
52 min{pmin, 1 — Pmax}

2 ( _Pmin
(A (L, )| )
52 \1= ﬁmin max .
This proves Theorem 1.2. o

Cé(A, d, ﬂmin, ﬁmax) = (

(34)

The rest of this section is dedicated to the proof of Lemma 7.2.

7.1. FKES distribution and single-bond dynamics. To compare the Swendsen-Wang dynamics
to the Glauber dynamics, we first introduce the FKES (Fortuin-Kasteleyn-Edwards-Sokal) distribu-
tion [FK72, ES88] mpkes over Q7 X Qg, which couples the Ising distribution 7ne and the random
cluster distribution 7yr.:

(*x)
(35) Vo€ Qr, 7€ Qg, mxes(o7) = ”Ising(o-)PI—ﬂQ(o'a T) = Twre(T)Pr-1(7,0),

where Q7 = {0,1}V, Qg = {0,1}f, P;_,g and Pg_, 1 are defined in (10) and (11) respectively. The
equation (%) holds due to Proposition 2.3. We use Qpggs € Q7 X Qg to denote the support of the
distribution zpkgs. The above equation shows that

e the marginal distribution projected from spxes to Q7 is Tising;
o the marginal distribution projected from 7pxgs to Qg iS Tyrc;
e conditional on o € Q7, the marginal distribution projected from 7pggs to Qg is Prx (0, -);
conditional on 7 € Qg, the marginal distribution projected from 7pggs to Qr is Pr—, 7 (7, -).

Define the following stochastic matrix from the weighted random cluster model to the FKES model
V1 € Qg 012 € Qpkes,  Prorxes(71,072) = Pro 1 (1, 0) - I[m = 7],

The operator Pr_,pxgs maps from Ly (7pggs) to Ly (7w ), Where Ly () is the vector space with the inner
product (-, -),. The adjoint operator Prxgs— g is defined by

Vot € Qpkes, T2 € Qr,  Prres—r (071, 72) =1[11 = 12].

For any f € Ly(mpkes) and g € Ly (yrc), it holds that (Pr_rkesf, 9) e = (> PFKES—RY) meces -
Next, we define the edge down-walk on the joint distribution. Fix an edge e € E. Given o7 € Qpkgs,

let Pi denote the edge down-walk that drops the value on edge e. Formally, Pi is defined on any

! ! e
ot € Qpxgs and any 0’7" € Qf q,

Plor,o’t) =1[o =0 AT =15_],

where we use E — e to denote E \ {e}. Let TikEs = m:KEsPi . Let Qfy o denote the support of HFKEspéL .

Suppose e = {u,v}. We then define the edge up-walk PJ ,forall 0’7" € Qs and o7 € Qpkes,
Pe if 7. = 1 and o(u) = o(v);
1-p, ifr,=0and = ;
Pl(o"f', or)=llc=0"A1g_e =7"] X p 1 ! and o(u) = o(v)
0 ifr, = 1and o(u) # o(v);
1 if 7, = 0 and o(u) # o(v).

For any f € Ly(7rxes) and g € Ly (fygs), it holds that (PZ [P = Pi 9) mecs -

Since in each transition step of PJ ,0'1_, = 07p—. and the distribution of 7, depends only on o, and
0y, the following observation is straightforward to verify.

Observation 7.3. Foranye, f € E, it holds that
Lofyeplply = (plpty(pip!
o (PLP])(PLP]) = (PLP])(PLPD).

e PP = (P!P])2.
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The single bond dynamics Psp : Qg X Qg — Ry is defined as follows

1
Psg = Pr_FKES (; Z PiP,I) PrrEs—R-
ecE

Intuitively, given any 7 € Qg, Psp first transforms 7 into a joint configuration o7 € Qpggs; samples an
edge e € E uniformly at random; updates 7, conditional on o; drops ¢ and keeps the random cluster

configuration 7. Similarly, we can decompose the single bond dynamics as Psg = PSLBPSTB:

ecE

1
(36) PSlB = PRrFKES (E Z Pel) and PSTB = PEPFKES—VR:

where for convenience, we treat (% DecE Pel ) as a matrix defined on Qpxes X (UeerQfyps) and P}T; :

(UeeEQfrs) X Qrkes — Ry is defined by Pl:(x, y) = PeT(x, y) where x € Qf . for some e € E

and y € Qpgps. Note that once x is given, e is uniquely determined, and P]g agrees with PJ . Itis

straightforward to check (% DecE Pi ) and P]I“ is a pair of adjoint operators.

Lemma 7.4. Suppose0 < A, <1 forallv € V. Let 0 < § < 1. For any distribution v over Qg, if

Dy, (vPélauberRC | nwrcPélauberRC) < (1-8)Dxr (v || wre) »

then it holds that
| l g
(37) Dy, (VPSB I ”wrcPSB) <{1- Z Dxr, (v || 7owre) -

The proof of Lemma 7.4 is deferred to Section 7.2. We are now ready to prove Lemma 7.2.

Proof of Lemma 7.2. By Observation 7.3, the Swendsen-Wang dynamics Pg;; can be written as

1
P&y = PR—FKES (l_[ PelPeT) Prkes—® = PR—FKES (E Zpipl) (l_[ PelPeT) PrrEs—R

eckE eckE eckE
1
= PRr_,FKES (; Z Pel) PE (1_[ Pelpg) Prres—r = PSlBPE (1_[ Pelpl) Prres—R-
eckE eckE ecE

Hence, by the data processing inequality, we have

T T 5
it (P35 1l meP3E) < Dic (P I ) < (13 Dit 0 1 ),

where the last inequality holds due to Lemma 7.4. O

Remark 7.5 (a simple proof of the main result in [Ull14] and Lemma 7.1). If we replace KL-divergence
in the above proof with y?-divergence, the same proof shows that for any distribution v,

Dy (VPSS | T PO) < Do (VP& | TPl

By Proposition 2.4, we have the following result

Gap((P)) = Gap(P) = Gap(Py) =~ W),
which recovers the main result in [Ull14] up to the factor 2.

The above analysis loses a factor of 2 because we compare P with PslB' Note that Pgy; can be
decomposed as Pgr_, 1 - Pr_,g. This factor 2 can be saved by comparing the intermediate step Pg_, s
with PSLB. Define the intermediate state space Q*R = {0, 1, *}¥, where for any 7 € Q*R ande € E, 7, = *
means that e is not assigned with any value, in other words, the value on e is dropped. We can view

Pi as a random walk on Q7 X Qg such that given any o7 € Qr X Qg, Pi drops the value 7, (i.e.
25



sets 7, = *) and keeps o7g\ (¢} unchanged. It is straightforward to verify that Pg_, 7 is equivalent to
Pr_rxes [eck Pi . Note that

Pr_FkES n P} = Pr_rkes (% Z PéL) l_l P},

ecE ecE ecE

as updating an edge twice is the same as updating it once. Recall (36) that PRHFKES(% DecE Pi ) is

equivalent to PslB' By the data processing inequality, we have the following stronger result

DXZ (VPR 1 || wrePr—1) < D)(Z (VPSLB I ”wrcPSlB) >

which gives a better bound Gap(Pg;’) > Gap(Psp), matching [Ull14].

For Lemma 7.1, we still need to compare ®ap(Psp) with &ap(Pglauberrc). We claim that ®ap(Psp) >
®ap(Pglauberrc)/2. By a simple comparison argument through the Dirichlet form (see for example
[LP17, Section 13.3]), it suffices to show

Potawberrc (4, B) _
Psg(A,B)
for all A,B C E such that |A @ B| = 1. Let e be the edge where A and B differ. By writing down the

transition probability explicitly, the above ratio is 1 if A and B give the same connected components,

and
1

1= (1~ ) pe
otherwise, where X = [[,ec, Ao, Y = [1yec, Aw» and Cy, C; are the two components created by discon-
necting e. Using the inequality that 1/2 < (1+ XY)/((1+X)(1+Y)) < 1forall0 < X,Y < 1, the
above ratio is bounded by 2.

7.2. Comparing Glauber dynamics to single-bond dynamics. We first introduce some notations.
Let y1 be a distribution with support Q ¢ QY.

For any S C V, we use s to denote the marginal distribution on S induced by p. Let Q(ps) denote
the support of ps. Given any x5 € Q(us), we use p*s to denote the distribution over Q obtained from p
conditional on xs. Formally, for any y € Q, p*s(y) = I[ys = xs]u(y)/ps(xs), where ys is the restriction
of y on S. For any A C V, we use y,° to denote the marginal distribution on A induced by p*s. We
need the following chain rule of the KL-divergence. Such a result is very well-known. See for example
[CP21, Lemma 3.1].

Lemma 7.6. For any distribution v be a distribution over Q, any S C V, it holds that

Dxr (v || p) = Dxw. (vs || ps) + Exg~vs Dxr (V¥ || 17%) = Dxr (s || ps) + p[Enty—s (f)],
whereV —S =V \ Sandf: Q — Ry is defined by f(x) = v(x)/p(x) and
plEnty—s (N1 = > ps(xs)Entss ().
xs€Q(ps)

Proof. The first equation Dk, (v || ¢t) = Dk (vs || pts) + Exg~vs Dxr (VS || 1£7) follows directly from the
standard chain rule of KL-divergence. To prove the second equation, for any xs € Q(vs), define

VS (y) _ v(yps(xs) _ ps(xs) . e
VyeQ g(y) = LW T Rt © i) W) Y = xs:
0 otherwise.

Since Q(vs) € Q(us), we have

Exsors Dk (VS | 119) = )" v(xe)Bntys (¢%) = ) v(xs)Entyes (i‘jﬁiﬁiif )

xs€Q(vs) xs€Q(vs)

D uxs)Entyss ().

XSGQ(Vs)

(as Entyxs (cf) = ¢ Entyxs (f))
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Note that for all ¢ € Q such that o5 € Q(us) \ Q(vs), it holds that (o) = ZEZ; = 0, implying that
Ent,os (f) = 0. We have

Exgos Dkt (V% | %) = > p(xs)Entyess (f)+ ), plxs)Entyes (f)

xs€Q(vs) xs€Q(ps)\Q(vs)
= D plxs)Entyss (f) = plEnty_s ()]. o
xs€Q(ps)

Now we are ready to prove Lemma 7.4.

Proof of Lemma 7.4. For any e € E,let E — e = E \ {e}, using Lemma 7.6, it holds that
v(7)

Tlwre ( T) .

Dxr, (v || 7rwre) = Dxw (VE—e I ﬂwrc,E—e) + Twrc [Ente (f)]’ where f(T) =

Averaging over all e € E, we get

=3 mrelEnte (D1 = — 3 D, (7 ) = = > D (vl o)

ecE ecE eckE
= Dx1. (V || ﬂwrc) — Dxu (VpélauberRC ” ﬁwrcpélauberRC) :

By the assumption of Lemma 7.4, we have

(38) =" mrelEnte ()] 2 0D, (v [ )

ecE
Next, by (36), we have

Dx1 (VPSLB I ”wrcPSlB) = DL

1 1
VPR _FKES (; Z Pi) || TwrePR—FKES (; Zpel))

ecE ecE

1 1
Vioint (; Zpi) Il 7rxes (; Zpel))

eckE ecE

= Dx1.

where Vjoint = VPr_ s so that for any o7 € Qpkgs, Vjoint(0T) = V(’Z')?T;KES,V(O'). Hence, we have

V(T)”;KES,V(O.)

Twre(T) T[IZ‘—KES,V (0)

Dxv (Vioint || mexes) = Z Vjoint (07) log =Dk (v || Zwre) -

oTEQFKES

With these two equations, our goal, (37), is equivalent to

1 1 o)
(39 Dxw (Vioint |l 7rkes) — DKL [ Vioint (E Zpi) || 7exes (E Zpi) > ZDKL (Vioint || 7rkEs) -

ecE ecE

Using Lemma 7.6, for any e € E,let V+E — e be V UE \ {e}, it holds that

Dxt. (Vioint || 7rxes) = D1 (Vioint, v+E—-e || 7TrkES,v+E—e) + TFKES [Ente (f )] ,

where

Vioint(07) V(D Typsy(0) (1) — £(1)
7rkEs (07) - ﬂwrc(T)ﬂl‘:[KEs’V(o-) - Trwre(T) - ‘

flor) =
Hence, (39) is equivalent to
1 — é 1)
- ;ﬂFKEs [Ente (f)] > ZDKL (Vioint || 7rkES) = ZDKL (v || 7wre) -

Given (38), to prove the above inequality, it suffices to show that for any e € E,

(40) 4 - TTFKES [Ente (]_C)] > Ttyre[Ente (f)].
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We now prove (40). We use o to denote the vertex configuration in {0,1}" and 7 to denote the edge
configuration 7 € {0,1}F. Suppose e = {u,0}. We use 7_, to denote a configuration in {0, 1}£7¢. To
ease the notation, we use mpxgs(07_,) to denote 7pxes g-e(07-¢). For any 7. € {0,1}, we use 7_.7, to
denote a full configuration 7 in {0, 1}¥. We have

TTFKES [Ent ( )] Z mrkes(07-¢)Ent, oTe (]_C)

OT—¢

OT_¢ T _(O'T_ T )
- Z 7rkes (07-e) Z g e (Te) f (07 Te) log fmf L :
OT_¢ Te€{0,1} Zree{o,l} ”FKEgse(Te)f(O'T—eTe)
If 0, # 0y, then w36, (0) = 1, and in this case
_ v flor_ete)
D g (r)f(orere) log rer) “o
7¢€{0,1} 7.€{0,1} ”FKES,e(Te)f(O-T—eTe)

Thus we only need to consider the case where the two endpoints of e get the same spin. Note that this
always happens if 7_, € C,, where C, C {0, 1}£7¢ is the set of 7_, such that u and v are connected by
edges assigned 1 in 7_,. Again, to ease the notation, let 7y (7_.) be Tyrc g—e(7—). Hence, we have

TIFKES [Ente (]_C)] = ZC ﬂwrc(T—e)h(Pe: T—e) + Zec ﬂwrc(T—e) Pr JN”FKESV[ u = O-o]h(pea T—e)
T_e€Ce T-e
1
(41) > D) Mwe(t-h(pet-e) + 5 D Ture(T-e)h(pe 7).
T_¢€Ce T_e#Ce
where

h(Pe> T ¢) = Pef(T—el) logf(r—el) +(1- pe)f(f—eo) logf(f—eo)
= (pef(t-e1) + (1 = pe) f (7-0)) log(pef(7-c1) + (1 = pe) f(7-0)).

(Recall that 7_,7, is a full configuration on E, where 7, = 0 or 1.) To see (41), since all external fields are
consistent, Pr, sy [0n = 0,] > 1/2. This is because we can further condition on 7,: if 7, = 1, then
oy = 0, with probability 1, and if 7, = 0, then ¢, and ¢, are independent and biased towards the same
direction, in which case they are equal with probability at least 1/2. The final probability is a linear
combination of the two cases.

Similarly, we can expand the right hand side of (40),

Trwre[Ent, (f)] = Z ﬂwrc(T—e)Entn‘;;f (f)

f(T—eTe)
”Wrc(T—e) wrce(Te)f(T—eTE) Iog T_
TZ:‘ Te;(),l} ZTeE{O,l} ”wr'é,e(fe)f(f—efe)

(42) Z ”wrc(r—e)h(Pe’T—e)"' Z ﬂwrc(T—e)h( Pe

B T—e
T_e€Ce 7_e¢Ce 1- a(f—e)(Pe - 1)

In the last step above we use l_a(rjw = Tgree(1) where a(7_,) is a factor depending on 7_,
derived as follows. Suppose e = {u,v}. Consider the random cluster configuration with e set not to be
taken, and adding e causes the two connected components C; and C, to be merged as one, where u is

inCyandoisin Cy. Let X = X(7_¢) = [[yec, Awand Y = Y(7_¢) = [[,,ec, Aw- We have

(1) = Pe(1+XY) _ De
Tuce Pe(1+XY)+(1-p)(1+X)(1+Y) 1- XX (p, 1y
which means we can take a(7_.) = fff;?; Moreover, we have 0 < a(7_,) < 1since 0 < X < 1 and

0<Y<1
28



To finish the proof, define the following functions

g(x,p)
g(x,p/(1—a(p —1)))

for0 < p <1and0 < a < 1. Define t(0, p, &) := limy|o t(x, p, @) and t(1, p, @) := limy_,1 t(x, p, ). It is
not hard to verify that ¢(x, p, @) is continuous with respect to x over [0, o) for any fixed p and a, and

t (;g:z(l);, Des a(r_e)) = ( h(pz’f"e) . This function admits the following monotonicity property,

T-a(t—e)(pe-1) "¢

whose proof is postponed till Appendix C.

t(x,p, ) := where g(x,p) == pxlogx — (px+1—p)log(px+1—-p)

Lemma 7.7. Forany0 < p <1and0 < a < 1, t(x, p, ) is monotone decreasing in x over x > 0.
Given this, t(x, p, @) has a lower bound

(1-a(p-1)logp
logp —log(1—a(p—1)
We remark that the constant C = C(p, @) satisfies

t(x,p,a) > xh_r)rgo t(x,p,a) = ) =: C(p, a).

(43) 0.5 <C(p,a) <2.

The proof is given in Appendix C, too. Using this fact, we conclude (40) by comparing (41) with (42).
This finishes the proof of Lemma 7.4. O

8. PERFECT SAMPLING VIA COUPLING FROM THE PAST

In this section, we give a perfect sampler for the ferromagnetic Ising model with consistent fields.
We first give a perfect sampler for the weighted random cluster model, then turn it into a perfect
sampler for the Ising model.

Theorem 8.1. There exists a perfect sampling algorithm such that given any weighted random cluster
model on graph G = (V,E) with parameters p = (pe)ecg and A = (Ay)pev, if 0 < pe < 1 for all
e€ Eand0 < A, < 1 forallv € V, the algorithm returns a perfect sample from weighted random

cluster models in expected time Ci(pmin, Pmax) N*m* log n, where N = min {n, ﬁ , Amax = MaXyev Ao,

Cl (pmin’pmax) =0 (min{ﬁminl,l—Pmax} log min{Pminlyl_Pmax} )’ pmax = MaXeek pe andpmin = mineEE pe.
Furthermore, if there exists § > 0 such that A, < 1— 06 forallv € V, then the algorithm runs in time

A
A )O( &% min{pin.1-Pmax} )

C(A, 8, Pmin: Pmax) 1 logz n, where Ca(A, 6, pmin, Pmax) = (m

Note that if p, = 0, we can simply remove e, and if p, = 1, we can contract e. Similarly if A, = 0, we
may pin o to 0 and absorb it into its neighbours external fields. Thus for any weighted random cluster
model, we can modify it so that it satisfies the condition of Theorem 8.1.

8.1. Perfect ferromagnetic Ising sampler. We now prove Theorem 1.3. We give the perfect fer-
romagnetic Ising sampler assuming the algorithm in Theorem 8.1. Let G = (V,E) be a graph. Let
B = (Be)ece and A = (A)pey be parameters for the Ising model, where . > 1 for all e € E and
0<A,<1forallveV.Letp,=1- ﬁLe for all e € E. We first use algorithm in Theorem 8.1 to draw a
perfect random sample S C E from the weighted random cluster model with parameters p and A. Then
we using the Markov chain Pg_, 7 in (11) to transform & into a random Ising configuration o € {0,1}".
By Proposition 2.3, since S ~ 7wy, 0 is a perfect sample from the Ising model. The running time of
the transformation step is O(n + m). Note that

1

ﬂmax

Pminzl_ 1_pmax:

1
ﬁmin ’
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By Theorem 8.1, the total running time is C; N*m*log n and C,n®log® n for all A, < 1 — §, where

Cl = Cl (ﬁmin, ﬁmax) =0 ((ﬁmax + ﬁmin ) 10g (ﬂmax + ﬁmin )) s

,Emin -1 ,Bmin -1
44 ; '
(44) A B |58 (Bt 225
Cy = C3(A, 6, Pmins Pmax) = (ﬁ (ﬁmax + Pmin — 1)) .

8.2. CFTP for weighted random cluster models. We give a perfect sampler for weighted random
cluster models based on coupling form the past (CFTP) applied to the Glauber dynamics. Here is an
equivalent definition of the Glauber dynamics. There is a one-to-one correspondence between vectors
in {0, 1}* and subsets in 2F (i.e. for any X € {0,1}%, let Sx = {e € E | X, = 1}). We assume that the
Markov chain is defined over the state space {0, 1}£. The Glauber dynamics starts from an arbitrary
subset of edges X, € {0, 1}£. For the t-th transition step, the chain does the following:

e pick an edge e; € E uniformly at random;

e sample a real number r; € [0, 1] uniformly at random; if r, < a;, let X; = ij_ll; if r; > ay, let
Xy = X£°, where X satisfies X7 °(E \ {e}) = X;—1(E \ {e}) and X7 °(e) = ¢, and

Twre (XfSI

”wrc(Xte:_lo) + ”wrc(Xf:1 '

(45) a; = a(Xt_l, 6) =

The Glauber dynamics for weighted random cluster models admits a grand monotone coupling. Let
Q={0,1}F. Let P: Q x Q — Ry, denote the transition matrix of the Glauber dynamics. We use the
function ¢ (-, -) to represent each transition step of edge flipping dynamics. For any t, given the current
configuration X;_; € Q, the next configuration can be generated by X; = ¢(X;_1, U;), where Uy is the
randomness used in the ¢-th transition step. Specifically,

U; ~ D and U; = (et,rt) S QR =EX [O, 1],

where D is a distribution such that e; is a uniform random edge in E, r; is a uniform random real
number in [0, 1], and they are independent. The function ¢ uses the transition rule defined above
to map X;_; to a random state X; = ¢(X;_1,U;), where the randomness of X; is determined by the
randomness of U; ~ D. The function ¢(-, ) is called a grand coupling of flipping dynamics because

Vo,1€Q, Pry.ple(o,U)=r1]=P(0,71).
Define a partial ordering < among all vectors in {0, 1}£: for any X, Y € {0, 1},
X <Y ifX(e) <Y(e)foralle € E.

Let X™in = 0 be the constant 0 vector and X™2* = 1 be the constant 1 vector, so that X™? < X < Xmax
for all X € {0, 1}£. The next lemma shows that the grand coupling ¢ is monotone with respect to the
partial ordering <.

Lemma 8.2. Suppose0 < p, <1 foralle € Eand0 < A, < 1 forallv € V. The grand coupling ¢ of the
Glauber dynamics for weighted random cluster models is monotone, i.e. for any 0,7 € Q witho < t, any
U € Qg, it holds that ¢(o,U) =< ¢(z,U).

The proof of Lemma 8.2 is deferred to Section 8.3. With the monotone grand coupling ¢, we apply
CFTP to the Glauber dynamics for weighted random cluster models in Algorithm 1.

Remark 8.3. In Algorithm 1, infinitely many U, are generated in Line 1. To implement the algorithm,
we can first generate U_1, and then generate (U;)_27<;<-1 When updating T « 2T.

Let Tp be the time cost for generating a random sample from D. Let T, be the time cost for comput-
ing the value of the function ¢. Let T (-) denote the mixing time of the edge flipping dynamics for
weighted random cluster models. By the standard result of the CFTP for monotone systems [PW96]
(also see [LP17, Chapter 25]), we have the following proposition about Algorithm 1.
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Algorithm 1: CFTP of the Glauber dynamics for weighted random cluster models

Input: a weighted random cluster model on graph G = (V, E) with parameters A = (1;)yev
and p = (pe)eck, where 0 < p, < 1foralle € Eand0 < 1, < 1forallv € V.
Output: a perfect sample X ~ 7y, Where 7y is the distribution over {0, 1}¥ defined by the
input weighted random cluster model.
1 generate Uy ~ D independently for all integers ¢t € (—co, —1];
2 T=1;
3 repeat
4 X™min — 0 and X™a¥ = 1;
fort=-T to—1do
Xmin — (p(Xmin’ Ut)§
Xmax «— ¢(xmax’ Ut);
// @ is the monotone grand coupling in Lemma 8.2

8 T « 2T
9 until Xmin = xmax,

10 return X™o;

N G

Proposition 8.4 ([PW96]). Suppose the input weighted random cluster model satisfies0 < p, < 1 for all
ec€ Eand0 < A, <1 forallv € V. Algorithm 1 returns a perfect sample for the stationary distribution
of edge flipping dynamics for weighted random cluster models, i.e. the distribution my... The expected
running time of Algorithm 1is O((Tp + T(p)TmiX(i) logn).

Now, we are ready to prove Theorem 8.1.

Proof of Theorem 8.1. By definitions of D and ¢, it is straightforward to verify that Tp = O(1) and
T, = O(n+ m). The mixing time can be obtained from Theorem 6.3. O

8.3. Proof of monotonicity. Here we prove Lemma 8.2. Fix 0,7 € {0,1}F such that ¢ < 7. Fix
U=(er)e Qg. Lete = {u,v}. Let 0_, and 7_, denote o(E \ {e}) and 7(E \ {e}) respectively, and G,
and G; be the graphs with vertices V and edges in o_, and 7_. respectively. Note that G, is a subgraph
of G;. We prove the lemma by considering three cases (1) u, v are connected in both G, and G; (2) u,v
are neither connected in neither G, nor G; (3) u, v are connected in G, but not in G,.

First suppose u, v are connected in both G, and G;. In this case a(o, e) = a(r, e) = p., where a(,-)
is defined in (45). The lemma holds trivially.

Next assume u, v are neither connected in neither G, nor G;. Suppose u,v belong to connected

/

components Cy, C; (or C, C)) in G, (or G;) respectively. Define

x{ = ]_l Aws X5 = l—[ Aw, X[ = ]_[ Aws X5 = 1_[ Aw-

weC weC, weC] weC;

We have
pe(1+x7x9)

Pe(1 +xfxg) +(1-pe)(1 +xf)(1 +x§)’
Pe(1+x{x])

Pe(1+xIxD) + (1= pe)(1+x])(1+x7)

a(o,e) =

a(r,e) =

Since A,, < 1forallw € V, x7 > x| and x7 > x;, which implies

(T+x7)(1+x7)  (1+x])(1+x])
(T+x7x7)  — (1+x{x3)

Hence a(o,e) < a(r, e), which implies the lemma.
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Lastly suppose u, v are connected in G; but not in G,. Suppose u, v belong to connected components
C1,Cy in G,. Define x7 and xJ in the same way.

Pe(1+x7x7)
Pe(1+x7x7) + (1 = pe) (1 +x7) (1 +x7)

a(o,e) = a(r, e) = pe.

Since (1+x7)(1+xJ) > 1+x7x7, a(o,e) < a(r, e), which implies the lemma.
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APPENDIX A. PROOF OF THE EQUIVALENCE RESULT

A.1. Equivalence between Ising and weighted random cluster models. Fix a graph G = (V,E).
We first show the first equation in (6). Observe that we can decompose the Ising model interaction
matrix as
; 1 1 1 -1 0
fgsmg _ ﬁe _ + ﬂe _. e(()) + e(l)-
1 B 11 0 fe—1

By definition, fe(l) forces the two endpoints to take the same spin, while fe(o) poses no requirements. In
this way, we can perform an extra enumeration over all the assignments over the edges r : E — {0, 1},

the decompose the effect of f: "€ into fe(o) and fe(l). The partition function of Ising model then becomes

D, Vg = > [ £Tew.ow@) ] |4

oe{0,1}V 0€{0,1}V e=(u,v)€E uev

Z 1_[ Z 7 (a(w), 0(0)) l—[ Ao

0€{0,1}V e=(u,0)€E \7(e)€{0,1} ueV

Z Z l_[ fé(f(e))(O'(u), o(v)) l—[ Ag(u)'

7€{0,1}£ 5€{0,1}V e=(u,0)€E uev

(*)

Fix 7. Consider the subgraph G’ = (V,S) where S is the set of edges assigned to 1 under z. Each
connected component C C V of G’ must take the same spin in ¢, otherwise the contribution to the
sum is 0. Let Ec C S denote all the edges in component C. The total weight of the component C is
[Teeg.(Be = 1) (1 + [,ec Au). Combining all components yields

2 | 0w [ =]]6-1 [] (1+1_[/1u).

0€{0,1}V e=(u,0)€E uevV e€S Cek(V,S) ueC
And hence
W=y T]6-v [] (1+1_[/1u)
SCE e€S Cex(V.,S) ueC
1 1
S Y E Ny e
ecE SCE eeS ¢/ rep\s Pf cex(v.s) ueC

by taking 2p, =1 —1/pf..

A.2. Equivalence between Ising and subgraph-world. To apply Theorem 2.6, we express the Ising
model (G = (V,E); B, A) as a Holant problem. Given an Ising model on graph G = (V, E). We define
a bipartite graph H with left part V; = V corresponding to vertices in G and right part V, = E corre-
sponding to edges in G. Two vertices v € V; and e € V, are adjacent in graph H if v is incident to e in
graph G. By definition, each edge e = (4, v) in G is decomposed into two half-edges (v, e) and (u, €) in
graph H.

For any vertex v € V;, we force the assignment to its incident half-edges to be equal, and further
more, if they are all ones, then we multiply the weight by A,. This yields the signature [1,0,---,0,4,] =
[1,0]®%+1,[0,1]®% on each vertex v, where d, is the degree of v in G. For any edge e in G, its signature
is [Be, 1, Be] to model the ferromagnetic Ising interaction. Define

Fisng = {[1.01°% +2, [0.11°% | 0 € V} and Giang = {[fes 1.5.] | € € E}.
It is straightforward to verify
(46) Holant(H; 7:Ising | glsing) = ZIsing(GZ B.A).
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For subgraph-world models, we define a Holant problem on the same bipartite graph H. The signa-
ture on each vertex v is defined by [1, 74, 1,7, - - - |, and on each edge e € E, it is defined by [1—p,, 0, pe].
Define

ng = {[1:’71,01:’72);"'] | vE V} andgsg = {[1 _Pe’OsPe] | ec E}
It is straightforward to verify

47) Holant(H; Fg | Gsg) = Zsg(G: p. 7).

Take T = (11). Letpe = 3 (1 - ,8_) It holds that

(T_1)®2 (Bes 1, Lﬁe)T — (ﬁe; 1’0’0’ ﬁez— 1) _ 5,

Pe+1 Oﬁe—l

2fe "~ 2P

] = ﬁe[l — Pes O:Pe]-

Let n, = L;” We have

(0% 4+ 2, (0,1)%% ) T8 = (1, )% + 2y (1,1 = (14 2) [170, L7, ]

Combining Theorem 2.6, (46) and (47) with the above, it holds that

ZIsing(G;ﬁ’ A) = (l_l(l +/10)) (l_l ﬁe

veV ecE

ng(G§P’ n.

APPENDIX B. PROOF OF THE ADJOINTNESS

Proof of Proposition 2.3. Let Dising = diag(ising) and Dyye = diag(smy:c) denote the diagonal matrices
induced from vectors 7sing and 7y respectively. We have

<f: PI—>Rg>msmg = fTDIsingPI—ﬂQg and <PR—>If: g>ﬂwm = fTP;;_)[Dwch

For any o € {0,1}V and S C E, we show that

(DIsingP]—>R) (0,5) = (P;;_,[Dwrc) (0,5)

Recall M(o0) = {{u,v} € E | 0, = 0,}. It holds that
1

(DisingPr—®) (0,S) =1I[S € M(0)] - mising (o) - l_l (1 _ /%) ;
e€S €/ feM(o)\S f

:ﬂ[ng(o)]-Zl, T2 1] ﬁhl—l(l__) rl

Ising ey heM(o)  e€S feM(cr)\S
1

(48) =1[s < M(0)] - —— - [ [ [ [ (B - .
Ising veV eeS

Recall k(V, S) is the set of all connected components of graph (V, S). It holds that

l_[ HUGC AU(U)

(P;ﬂg_,]Dwrc) (0,8) =1[S € M(0)] - Zwre(S) - 1+]] eC/l

Cex(V,S)

o(v)
1[5 € M(o)] - - l_[(l—i)l_[i [ (“n“)' [ ] H+HCACA

WIC  ges feE\s Pr Cex(V.S) ueC Cex(V.5)

=]I[SQM(0)]-ZI n(l__)]_[ [T

WIC  eeS feE\S f vev

e S R e I I [

heE z;eV e€S
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By Proposition 2.1, we know that

(l_l ﬁe Zyre = ZIsing-
ecE
Combining above equation with (48) and (49) proves (DisingPr—g) (0,S) = (P;_) IDWIC) (0,9). O

APPENDIX C. PROOF OF ANALYTIC LEMMATA
This section of appendix proves Lemma 7.7 and (43).

Proof of Lemma 7.7. The goal is to show ot (x, p, @) /dx < 0 for all x € (0,1) U (1, +c0). The lemma then
follows by combining this with continuity.
A straightforward calculation shows that

ot(x,pa) _ ~(1-a(-p)(A-plp

Zs(x, p, )

ox (xplogx—((1+Of)(1_P)+Px)IOg (1+ 150(;(61_—1;):)))
where
s(x, p,a) == (1+ a)(log x) log (1 + %) - (logx +alog (1 + %)) log(1+p(x —1)).

This means sgn(adt(x, p, @)/dx) = —sgn(s(x, p,a)), and hence we only need to show s(x,p,a) > 0
whenever x € (0,1) U (1, +00).

From now on in this section, we use the notation A 2, B to represent that A > B when x > 1, and
A < Bwhen 0 < x < 1. In other words, when x > 1, =, should be read as >, and vice versa.

We first claim the following inequalities:

(50) (1+a)logx —alog(1+p(x—1)) =, 0;
px—1)
>1 log |14 —————=]2:0;
5D og( +1+a(1—p))<
(52) log(1+ (x —1)p) =, 0.
We focus on s(x, p, ) and postpone the proof of these simple inequalities till the end. By collecting
terms of log (1 + %), one can find that s(x, p, «) > 0 if and only if

p(x—1)

m) > (log x) log(1 + p(x — 1)).

((1+a)logx —alog(1+p(x—1)))log (1 +

By using (50), it is equivalent to show that

log (1 + plx-1) (logx)log(1+p(x—-1)
1+a(l1-p) (1+a)logx — alog(1+ p(x — 1))
or equivalently, using (50)(51)(52), to show that
(53) 1 - a 1 + 1 1
>, . . )
log(1+ (x —1)p) l+a logx 1+« log (1+ 155((1__1;))
Note that the following function
1
Uxp(y) = —F———
’ px-1)
log (1 + 55 )

reveals the essence of (53) in the way that (53) is equivalent to

a 1

= . —_— — —

(54) Uxp(1) 2y T a Uy p(p) + T2 Uy p(1—a(p-1)),
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and note that
a

1
= 1+a'p+1+a'(1_a(p_1))'

This means (54) follows if for fixed x > 1 (resp., 0 < x < 1) and p, u, ,(y) is a concave (resp., convex)
function over y € (p,2) 2 (p,1—a(p—1)), which would conclude the proof. We verify this as follows.
A straightforward calculation shows that

d2 (x = Dp ( px-1) ( p(x—l)) ( p(x—l)))
- Uy, (y) = 2- o P Y log L PE-DY)
dy2 P y(y + (x _ 1)p)210g3 (1 + p(xy—l)) y ” ;

It is not hard to verify that

-1
(55) log (1 pCS )) 2.0,
Yy
which we prove later. With a bit more endeavour, we can also show that
-1 -1 -1
(56) _(Z.M_(z_FM)log(l_}.M)) 2,0,
y y y
whose proof is postponed as well. Concavity/Convexity is then established by combining the expres-
sion for the second-order derivative, (55) and (56). O

Proof of (50), (51), (52), (55), and (56). For (50), because log x =, 0, we only need to show
x

_ =

1+(x-1p -

Note that 1 + (x — 1)p is positive. The above is hence equivalent to

(x=1D(1-p) 2«0,

X

which is obvious.

All of (51), (52) and (55), after simple calculation, are equivalent to (x — 1)p =, 0, which is obvious,
too.

Finally, we show (56). Let z := p(x — 1) /y. LHS is then r(z) := (2+z) log(1+z) — 2z. It is not hard to
show that r(z) is monotone in z over z € (-1, +00), by observing that r'(z) = ﬁ —1-log ﬁ, which
is non-negative as logx < x — 1 for x > 0. Moreover, r(0) = 0. Therefore, when x > 1, we have z > 0,

and (56) holds. When 0 < x < 1, we have -1 < (x — 1) < z < 0, and (56) holds too. O

Proof of (43). For convenient reference, the expression of interest is

(1-a(p-1))logp
logp —log(1—a(p-1))

C(p,a) =
Taking derivative with respect to o, we get

(1-p)log(p) (1+1°g(#1—p>))

(108 (et )

e if p < 1/e, then C(p, @) is increasing with «, and hence lies between C(p,0) = 1 and C(p, 1) =
(2-p)logp |
log p-log(2—-p)°
e if1/e < p < 2/(1+e), then C(p, ) is decreasing within a € (0, (ep—1)/(1—p)) and increasing
within @ € ((ep —1)/(1 — p), 1), and hence lies between C(p, (ep — 1)/(1 — p)) = —eplogp >

2elog((1+e)/2)/(1+e) > 0.90 and max{C(p,0),C(p,1)}; and
o if p > 2/(1+e), then C(p, @) is decreasing, and hence lies between C(p, 1) =
C(p,0) =1.

. (2-p)logp
From t.he case.-by-case analysis, it suffices to show that 0.5 < Tog p-log(2—p)
analytic exercise. a
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£C(P, a) =

A simple calculation shows that

(2-p)logp

Tog p-log(2—p) 20d

< 2, which is a simple
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