RAPID MIXING FROM SPECTRAL INDEPENDENCE BEYOND THE BOOLEAN DOMAIN
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ABSTRACT. We extend the notion of spectral independence (introduced by Anari, Liu, and Oveis Gharan
[ALO20]) from the Boolean domain to general discrete domains. This property characterises distributions
with limited correlations, and implies that the corresponding Glauber dynamics is rapidly mixing.

As a concrete application, we show that Glauber dynamics for sampling proper g-colourings mixes in
polynomial-time for the family of triangle-free graphs with maximum degree A provided ¢ > (a* + d)A
where a* ~ 1.763 is the unique solution to a* = exp (1/a*) and § > 0 is any constant. This is the first
efficient algorithm for sampling proper g-colourings in this regime with possibly unbounded A. Our main tool
of establishing spectral independence is the recursive coupling by Goldberg, Martin, and Paterson [GMPO05].

1. INTRODUCTION

Let V be a set of variables, each of which takes values from a discrete domain of size ¢ > 2. Sampling
from a complicated joint distribution y over the state space [g]” = {0,1,...,q - 1}" is an important yet
intricate computational task. The Markov chain Monte Carlo (MCMC) method is the most powerful and
flexible technique to design efficient samplers. We will focus on Glauber dynamics in this paper, which is
one of the simplest and most widely used Markov chains. In each step, it does the following:

(1) choose a variable uniformly at random;
(2) resample the value of the variable according to its marginal distribution conditioned on the values
of all other variables.

Denote by p; the distribution of the state after t steps. It is usually straightforward to show that y; con-
verges to the desired distribution y as ¢ tends to co. However, the more challenging task is to understand
how fast the distance between p; and p converges to 0. This rate of convergence is known as the mixing
time. Many tools have been invented towards proving fast convergence, or the so-called rapid mixing
property of Glauber dynamics. We refer the reader to [LP17] for a recent monograph on this topic.

Distributions of interest often have rich and complicated landscapes, which makes analysing the conver-
gence rate of Glauber dynamics a long-standing challenge in theoretical computer science. To tackle this
challenge, various techniques were introduced, such as canonical paths [JS89] and path coupling [BD97].
In a more recent line of work [DK17, Opp18, KO20, AL20], an interesting new method of analysing the
mixing time emerged via the so-called “local-to-global” argument for high-dimensional expanders. This
technique has played a central role in a few recent breakthrough results, such as uniform sampling of ma-
troid bases [ALOV19, CGM19, ALOV20],! and a tight analysis for the hardcore model [ALO20] and more
generally for anti-ferromagnetic 2-spin systems [CLV20].
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IThe bases exchange walk for matroids can be viewed as Glauber dynamics as follows. Consider r variables, where r is the
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move is exactly resampling the value of a randomly chosen variable conditioned on the assignment of all other variables.
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Of particular interest to us is the work of Anari, Liu, and Oveis Gharan [ALO20]. In order to apply
the result of Alev and Lau [AL20], they introduced spectral independence, which is the property that the
correlation matrix of y and all of its conditional distributions have bounded maximum eigenvalues. They
focused on the g = 2 case. Formally, for each feasible? o5 € {0, 1}A where A C V, Anari, Liu and Oveis
Gharan defined a signed pairwise influence matrix I,;* by I;* (u,v) = (M1 (1) = p§ (1)) - 1 [u # 0]
for allu,0 € V' \ A, where ,ug‘\’w_i(i =0, 1) is the marginal distribution on v induced from p conditional on
the configuration on A fixed as o and that u is fixed to i. In [ALO20], a distribution x over {0, 1}" is said to
be spectrally independent if for any A C V, any feasible o5 € {0,1}", the maximum eigenvalue Ayay ™)
can be upper bounded appropriately. They proved that the spectral independence property implies rapid
mixing of Glauber dynamics. Using this tool, they confirmed along-standing conjecture: Glauber dynamics
for the Gibbs distribution of the hardcore model is rapidly mixing up to the uniqueness threshold. Later
on, Chen, Liu and Vigoda [CLV20] further extended the mixing results to general antiferromagnetic 2-spin
systems.

Despite the success in the Boolean domain, the machinery developed by Anari, Liu and Oveis Gharan
does not handle many important distributions, such as the Gibbs distribution of Potts models where g > 2
can be any positive integer. Therefore a natural question is whether the approach developed in [ALO20,
CLV20], or more specifically the notion of spectral independence, can be generalised beyond the Boolean
domain. We note two interconnected difficulties for this task: (1) when g > 2, there are many non-
equivalent choices for the definition of influence between two variables u,0 € V; and (2) it is not clear
whether the elegant connection [ALO20, Theorem 3.1] between the “local” random walks of [AL20] and
the spectrum of the influence matrix still holds beyond the Boolean domain.

Our first contribution is to introduce the following generalised influence matrix. This definition allows
us to recover the part relevant to rapid mixing in the aforementioned result [ALO20, Theorem 3.1] for the
more general setting.

Definition 1.1 (Influence Matrix). Let u be a distribution over [g]". Fix any A C V and any feasible
oa € [q]?. For any distinct u,0 € V '\ A, we define the (pairwise) influence of u on v by
(1) ‘Pﬁ"(u, v) £ max dry (IIUA’u&i, u?’“‘_j) ,

0
. o O,
LjeQ"

where QJ* £ {i € [q] | g (i) > 0} denotes the set of possible values of u given condition oy, drv (-, -)
denotes the total variation distance between two distributions, and for ¢ = i or j, yg»"““ ¢ is the marginal
distribution on v induced from p conditional on the configuration on A fixed as o, and that u is fixed to c.

Furthermore, let ¥,* (1, v) £ 0 for u = v and write ¥,;* for the (pairwise) influence matrix whose entries

are given by ;" (u, ).

In our definition, ¥;/* (1, v) is the maximum influence on v caused by a single disagreement on u condi-
tional on o). The entries of ¥;* are total variation distances and are therefore non-negative. We remark
that our definition is not identical to the original influence matrix Iﬁ" in [ALO20] even in the Boolean
domain since the latter is signed. Nevertheless, if g = 2, it holds that ‘I’;,’A (u,v) = |I§A(u, U)|

With the definition of the influence matrix, we define spectral independence for general g > 1 as follows.

Definition 1.2 (Spectral Independence). We say a distribution y over [q]", where n = |V|, is (C, 5)-
spectrally independent, if every 0 < k < n—2, A C V of size k and any feasible o € [¢]", the spectral

radius p (¥;*) of the influence matrix ¥;* satisfies

p (L)

p(\I’ﬁA) <C and PR

%A configuration ¢ € {0,1}V is feasible if y(c) > 0. A partial configuration o5 C {0, 1} for A C V is feasible if it can be
extended to a feasible configuration.
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Consider the Glauber dynamics for a general distribution y and let Pglayber € RSE;Q be its transition
matrix. It is well-known that the Glauber dynamics converges to stationary distribution 1 when Pglauber
is irreducible, see e.g. [LP17].

The rate of convergence of Glauber dynamics is captured by the mixing time, defined as:

Vo<e<l Tnix(e)= ingémin {t | drv (Pélauber(xo, D, p) < e} .
0

Our main theorem states that the Glauber dynamics for p is rapidly mixing if u is spectrally independent.
Theorem 1.3. Let i be a distribution over [q]V. If u is (C, n)-spectrally independent for C > 0 and0 < 5 < 1,
then the Glauber dynamics for yi has mixing time

n1+2C 1
Tmix(€) < 1 ,
le(g) - (1 _ ’7)2+2C ( Og E,umin)

wheren = |V| and pimin 2 min{u(o) | o € [q]V A p(o) > 0}.

This generalises a similar result by Anari, Liu and Oveis Gharan [ALO20] for ¢ = 2. Their proof is
based on a linear algebra argument which completely characterises the spectrum of their influence matrix
in terms of the spectrum of the local random walks, so that the result of Alev and Lau [AL20] applies.
However, it is not clear whether a similar argument exists for general g. Instead our main contribution is
a new coupling based argument to connect spectral independence to rapid mixing of Glauber dynamics,
which holds for any g € N. To be more specific, we also utilises the result of Alev and Lau [AL20]. We
show that the second largest eigenvalue of the local random walk can be bounded in terms of the spectral
radius of our influence matrix (see Lemma 3.6). In order to relate these two quantities, we employed a
coupling analysis reminiscent of the work of Hayes [Hay06]. See Section 3 for an overview of our proof.

To apply our result, one needs to verify the spectral independence property, which is equivalent to
bound the spectral radius of an influence matrix. This is not an easy task in general. A more tractable way
is to bound the induced 1-norm or the induced co-norm of the influence matrix, which are upper bounds
of its spectral radius.

Corollary 1.4. Let u be a distribution over [q]", where n = |V|. If there exist two constants C > 0 and
0 < 1 < 1 such that for every0 < k < n—2, A C V of size k and any feasible o5, € [q]*, the influence matrix

¥, satisfies one of following two conditions:

e bounded all-to-one influence:

2 max Z ‘I’ﬁ“(u, v) <min{C,n(n—-k-1)}
ueV\A

e bounded one-to-all influence:

‘ . éurg‘%\ Z ¥ (w,0) <min{C,n(n—k-1)}
then the Glauber dynamics for p has mixing time

veV\A
n1+2C 1
T 'X S 1 )
mix() < n)2+2¢ ( % fumin)

oA
\PP

where jimin, = min{u(o) | o € [q]V A p(o) > 0}.

The conditions in Corollary 1.4 have been previously established for the hardcore model [ALO20] (all-to-
one influence) and more generally for anti-ferromagnetic 2-spin systems [CLV20] (one-to-all influence).?
Such conditions are quite natural for Gibbs distributions induced by g-spin systems. Roughly speaking, a

3Although in [ALO20] and [CLV20], the corresponding conditions were established for the signed influence matrix Iﬁ’\, they
are still applicable to our Corollary 1.4 since ||‘{"3A |1 = ||I‘f,rA l1 and ||‘I’;fA loo = ||I;17A [lco when g = 2.
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g-spin system is defined on a graph G = (V, E), where vertices represent random variables that take values
in [q], and edges model pairwise interactions. Both “bounded all-to-one influence” and “bounded one-to-
all influence” can be viewed as some forms of the spatial mixing or correlation decay property of the g-spin
systems. This property roughly says that the influence between two vertices decays rapidly with respect
to their distance in the graph G and has been widely exploited to design efficient samplers for the Gibbs
distribution. For antiferromagnetic 2-spin systems, the rapid mixing regimes obtained by [ALO20, CLV20]
match the best known correlation decay results [Wei06, LLY13, GL18, SS20]. We show that our notion of
spectral independence can also be used to obtain efficient sampling algorithms up to known correlation
decay regime for multi-spin systems [GMP05, GKM15].

1.1. Application to spin systems. As a concrete application, we consider an important multi-spin system,
i.e. proper graph g-colourings, or equivalently the anti-ferromagnetic Potts model with the temperature
going to negative infinity. A graph g-colouring instance is specified by (G, [q]), where [¢q] = {0,1,...,q—1}
is a set of colours and G = (V, E) is a simple undirected graph. A proper colouring X € [¢]" assigns each
vertex v € V a colour X, € [q] such that X;, # X, for all {u,0} € E. Let Q denote the set of all proper
colourings and p denote the uniform distribution over Q. In this concrete setting, the Glauber dynamics
works as follows. The chain starts from an arbitrary proper colouring X € Q, and in each step, it does:

(1) pick a vertex v € V uniformly at random;
(2) update X, by choosing a colour from [q] \ {X, | {v,u} € E} uniformly at random.

When q > A + 2, the chain converges to y for any initial colouring X. However, it is a notorious open
problem that whether the condition ¢ > A + 2 also guarantees rapid mixing. We make some progress
towards this problem by proving the following result.

Let a* =~ 1.763... be the positive root of the equation x* = e. Using Theorem 1.3, we obtain the
following.

Theorem 1.5. Let § > 0 be a constant. For any graph colouring instance (G, [q]) where G is triangle-free and
q = (a* + 8)A, the Glauber dynamics on (G, [q]) has mixing time

Tnix(e) < (9e5n)2+9/5 log (g),
€
where n is the number of vertices in G and A > 3 is the maximum degree of G.

While Theorem 1.5 is stated for graph g-colouring instances, the mixing time upper bound holds for the
more general list colouring problem (see Theorem 6.1). In fact, the same rapid mixing bound holds as
long as the marginal probabilities are always appropriately upper bounded. This is formally stated by
Condition 6.2 and Theorem 6.3.

It is instructive to compare Theorem 1.5 with the vast body of literature on this problem. The study was
initiated by the pioneering work of Jerrum [Jer95] and of Salas and Sokal [SS97], who showed O(nlogn)
mixing time if ¢ > (2 + §)A. So far, in general graphs, the best result is the O(n*) mixing time when q >
(16—1 —&) A for some absolute small constant ¢y > 0 [Vig00, CDM*19]. For restricted families of graphs, there
is a long line of work that studied the mixing time of Glauber dynamics under various conditions [DF01,
Hay03, HV03, GMP05, HV06, Mol04, Hay13, DFHV13]. A few results most relevant to Theorem 1.5 are
listed in Table 1. The triangle-free condition, or more generally the requirement on the girth of the graph,
has played an important role to improve the dependency of g and A. For a more complete picture, we refer
the reader to the survey [FV07].

In addition to algorithms based on Glauber dynamics mentioned above, using the reduction from sam-
pling to counting [JVV86], one can obtain sampling algorithms from approximate counting algorithms [GK12,
LY13, LSS19]. The current best FPTAS for counting g-colourings is given by Liu, Sinclair and Srivas-
tava [LSS19]. The algorithm has running time n/® where f(A) = exp(poly(A)) in (1) general graphs
with ¢ > 2A; (2) triangle-free graphs with q¢ > (a* + §)A + S(5). Therefore, their algorithm does not run
in polynomial-time if A = w(1).
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Regime Girth Other requirement | Mixing time Tmix(ﬁ)
A =0(1) and
[GMPO05] q>a*A >4 neighbourhood 0(n?)
amenable
[HV06] q = (a"+9)A >4 A =Q(logn) O(%5logn)
[DFHV13] q=(a"+9)A >5 A = Ay (6) O(% logn)
This work q = (a"+)A >4 - 0((9e°n)***/%log q)

TaBLE 1. Mixing time results for sampling proper graph g-colourings.

Compared with previous results, we achieved a ¢ > (a" + §)A bound in triangle-free graphs without
any additional requirements. The condition in Theorem 1.5 matches the best known strong spatial mixing
regime for graph proper g-colourings [GMP05, GKM15].

Theorem 1.5 is proved via verifying the sufficient condition in Corollary 1.4. In fact, we apply the
recursive coupling technique introduced by Goldberg, Martin and Paterson [GMPO05] to bound the total
influence caused by one vertex (the “one-to-all infleunce”), namely to bound the induced co-norm of the
influence matrix ¥;*, while the original approach in [GMP05] only provides bounds for “one-to-one in-
fluence”. Comparing to the traditional path coupling analysis, the power of the spectral independence
approach lies in the fact that we can avoid considering the worst case scenario for the influence matrix in
Definition 1.1. For path coupling, to avoid the worst case analysis one needs to establish so-called local
uniformity [Hay13], which is difficult and causes various technical conditions in the results listed above.
In contrast, the method based on the spectral independence bypasses this obstacle.

The downside of our result, similar to those of [ALO20, CLV20], is that the running time has a high
exponent depending on how close the parameters are to the threshold. Nonetheless, unlike the algorithm
of [LSS19], our exponent remains a constant even if A = w(1), as long as we are below the threshold.

Finally, we remark that our refinement of recursive coupling argument might find applications in other
problems. Armed with our notion of spectral independence, we essentially proved that the success of
recursive coupling implies rapid mixing of Glauber dynamics for any graph. This form of algorithmic
implication was only known for special families of graphs like amenable graphs [GMP05] and planar
graphs [YZ13] before.

2. PRELIMINARIES

2.1. Linear algebra. Let v € C" be an n-dimensional vector. For any integer p > 1, the £,-norm of v is
defined by [lo]l, = (XL, |o;|P)1/P. Let A € C™" be a matrix. For any integer p > 1, the induced £,-norm
of A is defined by ||A], = SUPyecn|jofl, =1 |Av||,. Let A1, Az, ... A, € C be the eigenvalues of A. The spectral
radius of A is defined by p(A) = max;<;<p |4;|- The following relation is well-known.

Proposition 2.1 ([HJ12, Theorem 5.6.9. & Corollary 5.6.14]). Let A € C™" be a matrix. For any integer
p > 1, it holds that p(A) < ||All, and limy_, [|A¥]|}/* = p(A).

2.2. Total variation distance and coupling. Let i and v be two distributions over state space Q. The total
variation distance between y and v is defined by

1
dry (i) = 2 ) |u(0) = v(x)l.
x€Q
A coupling of p and v is a joint distribution (X, Y) € Q X Q such that the marginal distribution of X is y
and the marginal distribution of Y is v. The following result is the well-known coupling inequality.
5



Proposition 2.2 ([LP17, Proposition 4.7]). Let u and v be two distributions over state space Q. For any cou-
pling (X,Y) of 1 and v, it holds that

drv (p,v) <Pr[X #Y].
Furthermore, there exists an optimal coupling (X, Y) such that drv (1, v) = Pr[X # Y].

2.3. Markov chain and mixing time. Let Q be a finite set which is the state space. A Markov chain
(X1)r»0 on Q is specified by transition matrix P € RSgQ. We often identify the transition matrix with the
corresponding Markov chain. The Markov chain is irreducible if for any x,y € Q, thereisat > 0 such that
P'(x,y) > 0. The Markov chain is aperiodic if for any x € Q, ged{t > 0 | P*(x,x) > 0} = 1. A distribution
7 (viewed as a row vector) on Q is stationary with respect to a Markov chain P if 7P = 7. If a Markov chain
P is irreducible and aperiodic, then P has a unique stationary distribution. A Markov chain is reversible

with respect to a distribution 7 if the following detailed balance condition holds
(2) Vx,y € Q,  m(x)P(x,y) = n(y)P(y,x),

which implies that 7 is a stationary distribution of P. All Markov chains considered in this paper are
reversible. In the following we state a few well-known spectral properties of reversible Markov chains.

Proposition 2.3 ([LP17, Lemma 12.2]). Let Q be a finite set with |Q| = n. Let & be a distribution with support
Q. LetP e R%Q be the transition matrix of a Markov chain that is reversible with respect to . Then
o P hasn real eigenvalues1 =1 > A3 2 A3 > ... A, = —1;
o there exist real eigenvectors fi, f>, ..., fu € R® such that Pf; = Aif; forall1 <i < n, fi=1isa
one-vector, and for any 1 < i,j < n,

DA fi0m(x) =1[i = j].
x€Q
We remark that Proposition 2.3 holds if P is reversible to 7 and the support of 7 is Q. It does not require

P to be irreducible. The following proposition bounds the mixing time of Markov chain.

Proposition 2.4 ([LP17, Theorem 12.4]). Let Q be a state space with |Q| = n > 2. Let & be a distribution

with support Q. Let P € RSE;Q be the transition matrix of a Markov chain that is reversible with respect to 7.
Let1 =2 <Ay <...A, < —1 be the real eigenvalues of P. Define the the absolute spectral gap

Yx« 2 1=-Ac=1—-max{|A;] | 2 <i < n}.

Let mmin 2 mingeq 7(x). If yx > 0, then it holds that

1 1
Vo<e<l, Tni(e)<— (log )

Yx EMmin

where Tpix(€) £ maxy,cq min{t | drv (Pt (x,-), 71') < ¢} denotes the mixing time of Markov chain.

Note that the reversible chain P is irreducible and aperiodic if the absolute spectral gap y, > 0. Proposi-
tion 2.4 says that P converges to the unique stationary distribution 7 rapidly if y, is bounded away from 0.
See [LP17, Theorem 12.4] for a formal proof of Proposition 2.4.

We will use the following proposition to bound the absolute value of the second largest eigenvalue of
P. Similar results appeared in [LP17, Theorem 13.1] and [Che98].

Proposition 2.5. Let Q be a state space with n = |Q| > 2. Let & be a distribution with support Q. Let
P e Rgég be the transition matrix of a Markov chain that is reversible with respect to . Then the second
largest eigenvalue of P satisfies

Vi> 1, Al <d(t) £ max dry (P'(x,-), P'(y,")) -
X, Y€
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Proof. Define a distance function § on Q as:

Vx,ye Q: S(x,y) =1[x #y].
For every function f : Q — R, define its Lipschitz constant with respect to J as

x) —

() ma, SO

Fix a pair x,y € Q, we use C(x,y) to denote the optimal coupling between P*(x, -) and P!(y, -). Note that
P'f(x) = Ex-pe(x [F(X].

Then for any ¢ > 1, any function f : Q — R and any x,y € Q,

[P'f(x) = P'f(9)] = [Ecxy)~cmy [FX) = FN]| < Exny~cny IFX) = FNI,

where the equality holds due to linearity of expectation. Then for any t > 1, any f and any x, y,

P f(x) = P'f(y)| < Lip(f)Pr(x.v)~c(ey [X # Y] = Lip(f)dry (P*(x,-), P (y,-)) < Lip(f)d(2).
Note that the inequality above holds for all x,y € Q. It implies that Lip(P’ f) < Lip(f)d(t).

Recall |Q| = n. Let fi, f5,..., fo € R® be the eigenvectors in Proposition 2.3, where f; = 1. Let f=/fabe
the eigenvector of A,, we have

A2l - Lip(f) = Lip(A5f) = Lip(P'f) < Lip(f2)d(2).

Note that f, # 0. Since fi= 1 is a constant vector and Yveq i) m(x) f2(x) = Yyeq m(x) fo(x) = 0, vector
f> can not be a constant vector. Thus, Lip(f;) > 0, we have |A,|* < d(t) forall t > 1. O

One powerful technique to bound drv (P! (x, ), P’ (y, -)) is the coupling of Markov chain. A coupling of
P is a joint random process (X}, Y;);>0 such that (X;);»¢ and (Y;);»¢ individually follow the transition rule
of P, and if Xj = Y, then X; = Y; for all t > k. The following result follows from Proposition 2.2.

Proposition 2.6. Let P be a Markov chain on state space Q with a stationary distribution . Let X € Q be a
state. Let (X4, Yy):»0 be a coupling of Markov chain such that Xy = x¢ and Yy = yo. Then

vVt > 1, dTV (Pt(X(], '),Pt(yo, )) <Pr [Xt * Yt] .

3. PROOF OVERVIEW

In this section, we overview our proof of the main theorem (Theorem 1.3). We actually prove a slightly
more general result. We first introduce the following definition of (1o, 171, . . ., §n—2)-spectral independence,
which is analogous to a similar notion in [ALO20].

Definition 3.1 (79, 71, . . ., Jn_2)-Spectral Independence). We say a distribution p over [q]" with |V| = n
is (10, 1, - - -, Mn—2) -spectrally independent, if for every 0 < k < n — 2, A C V of size k and any feasible
oa € [q]*, the spectral radius p (¥;*) of influence matrix ¥;* satisfies

p (‘I’ﬁ’\) < k.
Since Glauber dynamics is reversible with respect to , its transition matrix has real eigenvalues. The
following theorem gives a lower bound on its spectral gap when p is spectrally independent.

Theorem 3.2. Let i be a distribution over [q]Y, where n = |V|. Let 5o, 11, ...,Nn_2 be a sequence where
0<nx<n-—k-1forall0 <k <n-—2 Ifuis(no,1n1,..., In2)-spectrally independent, then the Glauber
dynamics for y has spectral gap
11— Nk
1- AZ(PGIauber) 2 ; l]:! (1 - m) >
where A3 (PGlauber) is the second largest eigenvalue of transition matrix PGlayber-
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We prove this theorem on general domain of size g > 2. The main theorem (Theorem 1.3) is a corollary
of Theorem 3.2, because if p is (C, n)-spectrally independent, then u is (19, 71, - - -, n—2)-spectrally inde-
pendent with n; = min {C, n(n — k — 1)}. We first give a proof overview of Theorem 3.2, then prove main
theorem (Theorem 1.3) via Theorem 3.2 in Section 3.3.

3.1. Glauber dynamics and local random walks. To prove Theorem 3.2, we first interpret the Glauber
dynamics on [gq]" as a down-up random walk on simplicial complexes. Then we apply the local-to-global
theorem due to Alev and Lau [AL20] to reduce the task of analysing Glauber dynamics (a global random
walk) to the task of analysing local random walks. Similar routines have been applied in several previous
works [ALOV19, CGM19, ALO20, CLV20].

Definition 3.3 (Local Random Walk). For any subset A C V, any feasible partial configuration o5 € [q]*
define local random walk P;, on Uy, = {(u,c) € Ax[q] | St (c) > 0} as

1[u # 0]
Vl=lAl-1

5

3) V(u,0), (v, )) € Ugy,  Po, (w,1), (0, ) = T )}

where A = V' \ A, and 5" is the marginal distribution on v induced from y conditional on the config-
uration on A fixed as o, and that u is fixed to i.

Lemma 3.5 below shows that the second largest eigenvalue A, (Pgjayber) of Glauber dynamics is small as
long as the second largest eigenvalues A;(Py,)* of local random walks are all small.

Condition 3.4. Let u be a distribution over [q]V, where n = |V|. There exists a sequence gy, &1, - . ., Qy—p Such
that for every 0 < k < n—2, A CV of size k and any feasible o5 € [q]", the transition matrix P,, satisfies

AZ(PO'A) < A,
where A;(Pg, ) is the second largest eigenvalue of the matrix P, .

Lemma 3.5 ([AL20]). Let y be a distribution over [q]", where n = |V|. Let ag, a, ..., an—z be a sequence
where 0 < a; < 1 forall0 < i < n— 2. If p satisfies Condition 3.4 with ay, a1, . .., n—2, then the Glauber
dynamics for u has spectral gap

1 n-2
1- AZ(PGIauber) > ; l_[(l - O(k),
k=0

where A3 (PGlauber) is the second largest eigenvalue of transition matrix PGlayber-

Lemma 3.5 relates Glauber dynamics to local random walks, which provides a powerful tool to analyse
Glauber dynamics, because the state space of local random walks are exponentially smaller compared to
that of Glauber dynamics. Lemma 3.5 (proved in Section 4) is an easy corollary of the main result in [AL20].

3.2. Analysis of local random walks. Our remaining task is to bound the second largest eigenvalues of
local random walks.

Our main technical contribution is the following lemma (proved in Section 5), which states that for
distribution p over [¢q]" with general domain size g > 2, these second largest eigenvalues of local random
walks are always small if y is spectrally independent.

Lemma 3.6. Let 1 be a distribution over [q]V, wheren = |V|. If it is (50, M1, - . ., n—2) -spectrally independent,

then yu satisfies Condition 3.4 with a sequence ay, a1, . . ., Qy—3 such that
Nk
YO<k<n-2: o =——.
k n—-k-1

4Local random walk P, has real eigenvalues because Py, is reversible. See Section 4 for more details.
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For the special case ¢ = 2, Anari, Liu and Oveis Gharan [ALO20] proved a similar version of Lemma 3.6.
They used a linear algebra argument to identify the second largest eigenvalue of the local random walk
with the largest eigenvalue of the signed influence matrix. In such analysis, some key identities crucially
rely on that g = 2, which makes it hard to extend it to general domains of size g > 2.

Alternatively, we propose a new coupling based argument to show the rapid mixing of the local random
walk P,,, assuming the spectral independence, which implies an upper bound of A;(P,,). Specifically,
we construct a coupling (Xy, Y;);»¢ for each local random walk, and show that the two chains coalesce
(namely X; = Y;) quickly if y is spectrally independent. Then we use Proposition 2.5 and Proposition 2.6
to bound the second largest eigenvalue. Our coupling argument is simple and combinatorial, reminiscent
of an analysis by Hayes [Hay06]. And it has the advantage of being applicable to joint distributions with
general domain sizes. Note that here we are only giving an upper bound for A, (P, ), which is sufficient for
our purpose, rather than establishing the equality as in [ALO20] for the case with g = 2. Detailed analysis
is given in Section 5.

3.3. Proof of main theorem. It is straightforward to verify that Theorem 3.2 is a corollary of Lemma 3.5
and Lemma 3.6. We now use Theorem 3.2 to prove the main theorem (Theorem 1.3).

Proof of Theorem 1.3. Since p is (C, n)-spectrally independent (Definition 1.2) for C > 0 and 1 < < 1, by
Definition 3.1, p is (7o, 11, - - - » Pn—2)-spectrally independent for

ng =min{C,n(n—k-1)}.

By Theorem 3.2, we have

" M = C LT ¢
[T(1-—2—)> ~](1-min{———nf] =[] [t - min{Zn].
k:o( ”_k_l)_" ( mm{”—k—l’n}) n ( mm{k’n})

Thus, the spectral gap has the following lower bound

1- AZ (PGlauber) 2

S|

2+2C-1 n-1 n
1 C (1 _ ’7)2+2C C
1 — A2(PGlauber) = — 1- 1-—||> —— 1-—
aatonar> 3 ([T a0 1 (1-§))= 2 17 (1=
k=1 k=2+2C k=2+2C
(1 _ ’7)2+2C n 2C (1 _ ’7)2+2C n 1
ZTexp - Z ? ZTexp _ZCZE
k=2+2C k=2
1— )2+2C 1— 242C
(*x) = (+ exp (-2Clnn) = (,1+ZC’

where (x) holds because 3.7, % <Inn.

Since the transition matrix of Glauber dynamics is positive semi-definite, all of its eigenvalues are
real [DGU14, AL20]. Let the eigenvalues be 1 = A;(Pglauber) = A2(PGlauber) = ... = 41| (PGlauber) = 0,
where Q C [q]" is the support of u. The absolute spectral gap of Glauber dynamics has the following
lower bound

(1 _ ’7)2+2C

Yx = 1- A* =1- ma|)§2| Ml (PGIauber)l =1- AZ (PGIauber) 2 n1+2c

2<i<

By Proposition 2.4, we have

1 1 1+2C 1
Tmix < — 1 < 1 .
®) Y ( °8 S,Umin) (1—np)#*c ( 8 s,umin) =
9




4. SIMPLICIAL COMPLEXES AND GLAUBER DYNAMICS

In this section, we relate the Glauber dynamics to the random walk on simplicial complexes. As ex-
plained in the proof overview, we reduce the task of giving an upper bound for the second largest eigen-
value of Glauber dynamics to the task of giving an upper bound for the second largest eigenvalues of local
random walks (Lemma 3.5).

4.1. Simplicial complexes and random walks. Let U be a ground set. A simplicial complex X C 2Y is a
family of subset that is downward closed, i.e. if @ € X, then € X for all f C a. Each subset « € X is called
a face. The dimension of a face « is its size |a|.”> We use X(j) to denote the set of faces with dimension
j. The dimension of a simplicial complex X is the maximum dimension of all its faces. We call X a pure
d-dimensional simplicial complex if every maximal face of X is of dimension d. We only consider pure
simplicial complexes in this paper.

We consider the weighted simplicial complexes. Let X be a pure d-dimensional simplicial complex.
Given a weight function IT : X(d) — R0, define the induced weights for all faces in X by

(4) VaeX, T(a)= Z (p).
BeX(d):poa
For each face o € X, the link X,, is simplicial complexes defined by
Xe2{f\a|feXAnacp}
Let IT,, be the weight of X,, induced from II, i.e. for each face f € X,
e (f) = (e p).

The one-skeleton of X, is a weighted graph G, = (Vy, E,, @), where V,, = X, (1) is the set of singletons,
E, = X,(2) is the set of 2-dimensional faces, and ®,(u,v) = I, ({u,0}) for all {u,0} € E,. We use P, to
denote the simple (non-lazy) random walk on one-skeleton G,. The transition probability is defined by

Dy (u,0) . .
(5) Vo € Vo, Polu,v) 2 { Zovtumiera Paliow) if{u,0} € Eos
0 if {u,0} ¢ E,.

Given a pure d-dimensional weighted simplicial complexes (X, II), define the following down-up ran-
dom walk Pc}’ on X (d). Suppose the current state is 0; € X(d), the next state o441 € X(d) is generated as
follows

o (down walk) pick x € o; uniformly at random, and drop x to obtain ¢’ = ¢; \ {x} € X(d - 1);
o (up walk) sample 0,41 € X(d) satistying ¢’ C 041 with probability proportional to II(a;41).
Therefore, the transition matrix of down-up random walk is defined by
2ireX(d-1)rca % ifa=p;
Va,f € X(d), PY(ap) = #ggm ifanpex(d-1);
0 otherwise.

The relation between down-up random walk Po\l/ and random walks one-skeletons P, was studied in
many works [Opp18, KO20, AL20]. Note that both random walks P} and P, are reversible. By Proposi-
tion 2.3, both of them have real eigenvalues.

Definition 4.1 (local-spectral expander [Opp18,KO20, AL20]). Let (X, II) be a pure d-dimensional weighted
simplicial complexes. We say that (X,II) is a (yo, y1, . . ., y4—2)-local-spectral expander if for any 0 < k <
d — 2, it holds that

max{Az(Py) | € X(k)} < yx,

°In some papers, such as [KO20, AL20], the dimension is defined to be |a| — 1.
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where A5 (P,) stands for the second largest eigenvalue of P,, and P,, as defined in (5), is the transition
matrix for the simple (non-lazy) random walk on one-skeleton of link X,.

Theorem 4.2 ([AL20]). Let (X,II) be a pure d-dimensional weighted simplicial complexes. If (X,II) is a
(Y0> Y15 - - - » Yd—2) -local-spectral expander, then

A(Py) <1-

Ul =

d-2
[ Ja-w.
k=0

where A2 (P)) is the second largest eigenvalue of down-up random walk PY.
We remark that the chain Pa\l’ is denoted as PZ—1 in [AL20].

4.2. Connections to Glauber dynamics. Let i be a distribution over [gq]", where |V| = n. Let Q C [q]"

be the support of u. We define a ground set of ng elements
U={(uc)|ueVAcelq]}.
For each (possibly partial) configuration o € [gq]"* where A C V, we associate with it a face f, C U as

Jo ={(u,0u) | u € A}.

Let X be the downward closure of the family of faces {f; | 0 € Q}. Then X is a pure n-dimensional
simplicial complex. For each maximal face f; € X where o € Q, we assign a weight according to p

H(fa) = /1(0.);

and each face in X obtains an induced weight from (4). Hence, (X,II) is a weighted pure n-dimensional
simplicial complex. The following observation is straightforward to verify. One way to understand it is to
view the state space [q]" as the set of bases of a partition matroid.

Observation 4.3. The Glauber dynamics on y is precisely the down-up random walk on X (n).

Let A C V be a subset of variables. For every feasible partial configuration ¢ = o5 € [g]*, there exists
aface f; = {(u,0,) | u € A} in X, and vice versa.

To simplify the notation, we use P, to denote the simple (non-lazy) random walk Py (defined in (5)) on
one-skeleton of link Xy . By definition, Py is a random walk on U, = {(u,¢c) € Ax[q] | u(c) > 0}, where
A=V \A Fixx = (u,i) € Uy and y = (v, j) € U,. The weight of edge {x,y} in one-skeleton of link Xy, is
given by

Qr (x,y) = Z p(r) =Prx [Xn=0 AXy =i AX, = j].

TEQ )
TA=0,Tu=LTy=]

Thus,
V(u,i), (v, j) € Us, Po((u,i), (0, ) = mﬂg’u ()
where ;3" is the marginal distribution on v induced from y conditional on the configurations on A fixed

as o and that u is fixed to i. This is precisely the local random walk in Definition 3.3. Note that P, is
reversible because the random walk on one-skeleton is reversible.

Note that if y satisfies Condition 3.4 with ay, a1, . . ., @2 , then the n-dimensional weighted simplicial
complex (X, II) defined above is a (yo, y1, - - -, Yn—2)-local-spectral expander with y, = a; forall 0 < k <
n — 2. Hence, Lemma 3.5 is a corollary of Theorem 4.2.
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5. ANALYSIS OF LOCAL RANDOM WALKS

In this section, we prove Lemma 3.6, which states that the second largest eigenvalues of local random
walks are small if the distribution p is spectrally independent. The new ingredient of this part is a coupling
based argument for the above implication for distributions with general domain size q.

oa € [q]*. To simplify the notation, we use o to denote o,. Consider the random walk P, defined in (3).
Recall the state space of P, is defined by

(6) Us = {(wi) e Ax [g] | () > 0}

5.1. Proof of Lemma 3.6. Fix a subset A C V with 0 < |A] < n — 2, and a feasible partial configuration

Thus |U,| > 2 because |A| = |V \ A| > 2 and ¢ is feasible. Consider a random walk Q,:
n—|Al-1 1
+ I,
n—|Al 7 n-|Al'°

LS

(7) Qo

where I; € RggXUU is the identity matrix. In other words, in each step, with probability

walk Q, stays at the current state; otherwise, Q, evolves in the same way as P,.
Define a distribution 7 over U, as

1
PEyNE the random

(8) Y(u,i) € Uy, n(u,i)= — IAI,uf;(i).

Note that };cqo p1y; (i) = 1, where QF = {i € [q] | p7 (i) > 0}. Thus X, s ev, 7(%, i) = 1 and 7 is well-
defined. We claim that both P, and Q,, are reversible with respect to 7. For any (v, i), (v, j) € U,, we verify
the detailed balance equation. If u = v, then it is straightforward to verify

m(u, i)Pe((u,0), (v, j)) = 0 = (v, j)Po((v, j), (u,1));
otherwise u # v, then
PG g NG Prx Xy =iA X, = j | Xy = 0]
(n=IAD(n—=|Al-1) (n—|AD(n—[Al-1)
Y AO N AN0)
~(n=[AD(n—]Al - 1)
Since Q, is a lazy version of P, Q. is also reversible to z. By (6) and (8), the support of x is U,. By

Proposition 2.3, P, and Q, both have |U,| real eigenvalues. Let 1;(P,) and A,(Q,) denote the second
largest eigenvalues of P, and Q. By the definition of Q. in (7), we have the following proposition.

m(u, ))Ps((u, 1), (v, j)) =

= ”(U: j)PO'((U: ])’ (u’ l))

Proposition 5.1. 1,(Q,) = n;'_—[r,l\]lﬂz(Pa) + n+|A|

Proposition 5.1 is a basic result in linear algebra. We claim the following result about 12 (Qy).

p(¥)+1

Lemma 5.2. 1,(Q,) < AT

The proof of Lemma 5.2 is deferred to the next subsection. We now use Proposition 5.1 and Lemma 5.2 to
prove Lemma 3.6. Suppose pis (1o, 11, - - - , In—2)-spectrally independent (Definition 3.1). By Proposition 5.1,
it holds that

n— A

A2 (Py) = no A =1

\I[U
1 )S p( y) < Nk

12(00) — < , where k = |A].
(Z(Q) n Al S ATIAI=T S no ko Wherek=I1Al

The above inequality holds for any A € V with 0 < |A| < n — 2 and any feasible o € [g]*. This implies y

satisfies Condition 3.4 with ag, a1, . . ., @y_2 such that i = n_”,f_l.
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5.2. A coupling based analysis. We now prove Lemma 5.2. We will use coupling to give an upper bound
of 5(Qy). First we define a matrix A:

) pprp— (‘P")T 1
S APV ’
where [ is the identity matrix. For any ¢ > 1, define
(10) d(t) = max dry (Q5(x0,"), Qo (Y. ")) -
x0,Yo €Us

Lemma 5.3. Foranyt > 1,d(t) < ||At_1||1.

Proof. By the definitions of Q, in (7) and P, in (3), we have

Y(w,0), (0,)) € Up, Qo((w,i), (0, ) = ﬂn——lzif)

where if u = v, the distribution yJ*"(j) = 1[i = j] forall j € [q]. Let Xo, X, Xa, . . . € U, be the sequence
of random states generated by Q,, where X, = (X}, X}3), XY € V \ A and X} € [q]. By definition of
Qs in (7), given X;_1 = (u, i), the random pair X; = (v, j) can be generated by the following procedure

e sample v € V \ A uniformly at random;
ou—i

e sample j € [g] from the distribution p ().

Next, we define a coupling procedure C. Let (X;);>¢ be the random walk Q, starting from X, = xy € Uy,
and (Y;);»o be the random walk Q, starting from Yy = y, € U,, where x; and y, achieve the maximum
in (10). Consider each transition step (X,Y) — (X’,Y’). Suppose X = (uy,ix) and Y = (uy,iy). Then
X' = (ug, i) and Y’ = (uy, i}) are generated as follows:

e sample v € V' \ A uniformly at random, set u; = uj = v;

U —lx O',Uy<—i

e sample (iy, iy) from the optimal coupling of 17 and y, Y, wherev =u, =u

”
It is easy to verify that C is a coupling of Markov chain Q,. By Proposition 2.6, we have

(11) Ve>1, d(t) = maxU drv (Qf,(xg, ~),Q;(yo, )) <Prc[X;#Y:].

X0, Yo €EUqs

Hence, we only need to bound the right-hand-side of (11).
Denote X; = (X!, X}?) and Y, = (Y, Y)@). By the definition of the coupling procedure C, it holds
that X} = Y™ forall t > 1, and

1
n—I|Al

12 Vt>1LueV\A PI‘C XVtszVtX:u =
t t

For any t > 1, we define a column vector e; € IR;\)A such that
Vue VA e(u) 2 Pre [ X" =" =un Xy £ 7.
Then d(t) < Prc [X; # Vi] = Xyev\a €(w) = |le||; forall £ > 1. By (12), we have

1
n—I|Al

(13) Vue VA e(u) <Prg [ X)*=y™=y|=
t t
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A

Recall Q7 = {i € [q] | p3(i) > 0} for each u € V' \ A, and the state space of the random walk Q, is
Uy = {(u,i) lueAnie Qg}.Foranyt > 2, we have forallu € V \ A,
e(u) =Prc [X}™ = V™" =u A X} # 1]
= 3D (Pro = v = u A £ v X = =0 A X =i A v = ]
veV\A1,jeQT
i#]
XPrg [X, 1 = (0,1) A it = (0,)]
1 —i ve—j . .
>y D e (1 Pre [Xims = 00) A Y = ).

veV\A1,jeQT
i#j

The first equality is obtained from the chain rule, together with the facts that fort > 2, (1) Pr¢ [X;’f’; = Yt"_t’{] =

1;(2) Xy # Y2 only if X2 # V2l (3) Xy, vyl € QF if XY™ = Y™ = 0 since Q, is a random walk over

U,. The last equality is obtained using the definition of the coupling C. It holds because Xy = Y** are

sampled from V \ A uniformly at random and X}?!, Y2 are sampled from the optimal coupling between
o,0—1i

7™ and y;j’“*f . By the definition of the influence matrix ¥y in (1) and the definition of the matrix A
in (9), we have that for any u,0 € V' \ A, any i, j € QF such that i # j, it holds that

1
— Al

Hence, for any t > 2, we have that for allu € V' \ A, e;(u) can be bounded by
14 e@< D D AWPre X = @) AV = @) = ), Awo)e1(0) = (Aer1)(w).

veV\A1,jeQT veV\A
i#j

drv (ﬂﬁ’%i, ﬂg’m_j) < Ay, 0).

All e; are non-negative vectors and A is a non-negative matrix. Combining (11), (13) and (14), we have that
forany t > 1,

d(®) < lleclly < [lAerl|, < [lA™] Nealls < 4™ 0
Now, we are ready to prove Lemma 5.2.

Proof of Lemma 5.2. Recall Q,; is a random walk over Uy, 7 is defined in (8). Since Q, is reversible with
respect to & and the support of 7 is U, by Proposition 2.5 and Lemma 5.3, for any ¢ > 1,

A2(Qa)l < d(1) < [|A7, .
We may assume that 1,(Q,) > 0, as otherwise Lemma 5.2 holds trivially. We have
VEx 1 A(Qn)7 < |7
Let + — oo in both sides, we have
12(Qo) = lim Ax(Qp)7T < lim [JA" |77 = p(A),

where the last equality holds due to Proposition 2.1. Note that if 1 € C is an eigenvalue of (¥} )T, then
A+ 1is an eigenvalue of (‘I’ﬁ)T + I, and |A + 1] < |A| + 1. By the definition of A, we have

T
o )
+ < = . |
n—|A|p((”) )— n— (Al n— Al
14
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6. RAPID MIXING FOR LIST COLOURINGS

An instance of the list colouring is a pair (G, L) where G = (V,E) is a simple undirected graph and
L = {L(v) | v € V} is a collection of colour lists associated to each vertex v € V. A proper list colouring X
assigns each vertex v € V a colour X, € L(v) such that X,, # X,, for all {u,v} € E. Let Qg 1 denote the set
of proper list colourings and i 1 denote the uniform distribution over Qg 1.

The Glauber dynamics on (G, L) is defined as follows. The chain starts from an arbitrary proper list
colouring X € Qg 1. In each step, the chain does the following:

e pick a vertex v € V uniformly at random;
e update X, by a uniformly at random colour from L(v) \ {X,, | {v,u} € E}.

We prove the following rapid mixing result for list colourings.

Theorem 6.1. Let (G = (V,E), L) be an instance of list colouring where L = {L(v) | v € V'}. Let A > 3 be the
maximum degree of G and § > 0 be a constant. If G is triangle-free and for every v € V, it holds that

(15) |L(v)| — deg;(v) > (o +6 = 1)A,
then the Glauber dynamics on (G, L) satisfies

M
Tmix(€) < (9esn)1+9/cS -log (—) .
€

where M £ [],cv |L(0)].

Note that Theorem 1.5 is a corollary of Theorem 6.1, in which M = ¢".

In order to prove Theorem 6.1, we define a partial order < among list-colouring instances. Let (G’ =
(V/,E"),L") and (G = (V,E), L) be two list colouring instances where L’ = {L’(v) |v € V'} and L =
{L(v) | v € V}. We say (G’,L’) < (G, L) if there exists a vertex v € V satisfying

* G'=G[V\{v}];
o for every u € I'5(v), it holds that L’ (u) € L(u) and |L(u) \ L’ (v)| < 1;
o for every u € V' \ I5(v), it holds that L’(u) = L(u).

Here, I5(v) denotes the neighbourhood of v in graph G. We remark that in the definition above, for
each u € Is(v), we can rewrite the requirement as L’(u) = L(u) \ {c} for some colour c. This colour c is
not necessarily in L(u) (in which case L’(u) = L(u) and can be distinct for different u € I';(v)).

Intuitively, (G’,L’) < (G, L) means that one can obtain (G’,L’) from (G, L) by removing one vertex
v and change the colour lists of the neighbours of v by removing at most one color. We call a family of
list-colouring instances £ downward closed if for every (G, L) € .Z and every (G’, L’) such that (G’, L") <
(G,L), we have (G',L') € Z.

The downward closure of an instance (G, L) is the minimum downward closed family of instances con-
taining (G, L).

Consider the following condition for a family of list colouring instances .Z.

Condition 6.2. Let y > 0,0 < & < 1 and &, > 0. It holds that

o the maximum degree of instances in . is at most y;
e for any (G = (V,E),L) € Z, a proper list colouring exists, and for any vertex v € V satisfying
deg,;(v) < x — 1, it holds that

&1
16 Ve € L(v) : <
(16) c€L(@): pyculc) dege ()
for any vertexv € V, it holds that
17 Ve € L(v) : < .
(17) c€L(®): pyulc)= g1

We have the following theorem.
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Theorem 6.3. Let 0 < ¢ < 1 and &y > 0 be two constants. The following result holds for any y > 0. Let &
be a downward closed family of list-colouring instances satisfying Condition 6.2 with parameters y, &1 and ;.
For any (G = (V,E), L) € .Z, the mixing time of Glauber dynamics satisfies

2 1+ﬁ 2 M
Tmix(g) < (9652)( (1-¢1) 2) n1+(141)£2 . log( ),

B
where M = [],ev |L(v)].

Theorem 6.1 is actually a corollary of Theorem 6.3 via verifying Condition 6.2. We will prove Theo-
rem 6.3 first. The proof of Theorem 6.1 is deferred to Section 6.4.

6.1. Analysis of mixing time. In the following, we assume .Z is downward closed and satisfies Condi-
tion 6.2. Let y > 0,0 < & < 1 and ¢, > 0 be the parameters promised by Condition 6.2.
For any list colouring instance (G, L) where G = (V, E), recall g 1 is the uniform distribution over all

proper list colourings. Define the matrix Rg 1 € R‘Z/E;V by

_ u«—cq U—cy
(18) Yu,0 €V, Rgp(u,0)= Cl’gleaLX(u) drv (”v,(G,L)’/’u,(G,L))’
where for ¢ = ¢; or ¢, ,uZ‘(_GC L denotes the marginal distribution on v projected from pg 1 conditional on

the colour of u is fixed as c. The matrix R is essentially the same as the influence matrix ¥,/* in (1), except
that in the case of u = v, Rg 1 (v,v) = 0 if and only if |L(v)| = 1 (thus ¢; = ¢;). Namely,
_ vecy veCy _
RG,L(Ua U) - Cl,gleal),((y) dTV ('uv,(G,L)’ ’LIZ),(G,L)) - 1 [|L(0)| > 1] .

Roughly speaking, each entry R, 1(u,v) is the influence of u on v given two different colours of u. The
key to apply Theorem 1.3 is to bound the total influence of u on all other vertices.

Lemma 6.4. For any instance (G = (V,E),L) € £,

. l —1
Yuev, Z RG,L(u,0) < min {(1 - 361/52) (V-1 (1- 51)62} '

veV:v#u

We first use Lemma 6.4 to prove the main theorem for list colouring (Theorem 6.3). Then we prove
Lemma 6.4 in Section 6.2 and Section 6.3.
To prove Theorem 6.3, we will also need the following notion of pinning.

Definition 6.5 (instance induced by pinning). Let (G = (V,E), L) be a list colouring instance. Let A C V
be a subset of vertices and ¢ € ®,epL(v) a partial colouring on A. Define Ping (A, 0) = (G, L) as the
induced list colouring instance after the pinning o, where G = G[V \ A] is the subgraph of G induced by
V\A,and L ={L(v) |v € V\ A} is defined by for allv € V' \ A,

L(v) = L(v) \ {0y | u € AA {u,0} € E}.

It is clear that for any A and o, Ping (A, o) is in the downward closure of (G, L).
Now, we are ready to prove Theorem 6.3.

Proof of Theorem 6.3. It suffices to verify that every (G,L) € .Z is (C, n)-spectrally independent, which

implies the theorem by Theorem 1.3. Fix a list colouring instance (G = (V,E),L) € .Z. Fix a subset

A C V with |A| € n — 2 and a feasible partial colouring oy € ®,epL(0v). Let (G, L) = Ping L (A, op), where

G=G[V\A]and L = {L(v) | v € V \ A}. Note that for anyu € V\ A, L(u) contains precisely the feasible
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colours for u conditional on o. Then, by the definition of ‘I’,‘f" in (1),

C1,C2 u
by Definition 6.5 C max d ( weey ey )
. ) cLes efx(u) vV :L[U’(G,L) .L‘U’<G’L)

= Ré’z(u, U).

Also by the definition of ¥, for any v € V \ A, it holds that ‘I‘ﬁ" (v,0) = 0. Since .Z is downward closed,
(G, L) e &. By Lemma 6.4,

|

OA
¥

V\A V\A
o ueh) veV\A uevy veV\Aw#u

. 1 1
< mm{(l - 3e1/52) (n— |A| - 1),m}

Hence, the list colouring instance (G, L) € .Z satisfies bound one-to-all influence condition in Corollary 1.4

= max Z ¥ (u,0) = max Z Rz 1(u,0)
\

with C = 7=~ )g andn=1- —=. By Corollary 1.4, Glauber dynamics on (G, L) has mixing time
1+(1—82 )e 1 gt M
Toin(£) £ ————— '10g( ) < (9e52)( e 2) e 1og( )
1\ €limin
3el/e2
where the last inequality holds because /ﬁ <M= [l,ev [L(0)]. ]

The two upper bounds in Lemma 6.4 are proved in Section 6.2 and Section 6.3 respectively.

6.2. An easy coupling analysis. We now prove the first part of Lemma 6.4, namely,

Lemma 6.6. Let £ be a downward closed family of list colouring instances satisfying Condition 6.2 with
parameters y > 0,0 < & < 1 and e, > 0. For any instance (G = (V,E), L) € .Z, it holds that

YueV, Z Rgr(u,v) < (1 -

veV:v#u

31/8)0 -1,

To prove Lemma 6.6, we need the following well-known recursion of list colouring.

Proposition 6.7 ((GK12,LY13, GKM15]). Let (G = (V,E), L) € .Z bealist colouring instance. Letvy, vy, . .., 0,
denote the neighbours of v in G. Let ¢ € L(v) be a colour. Let G, be the subgraph of G induced by V \ {v}. For

each 1 < i < m, define a colour list L;. = {L;(u) | u € V \ {v}}, where L;.(u) = L(u) \ {c} forallu = v;

and j < i, and L; .(u) = L(u) for other vertices. It holds that for any ¢ € L(v),

Hzr'r:ll (1 - l’lvi,(Gv:Li,c)(c))
Zeer [T (1 - ﬂvi,(co,Li,cr)(C'))

Ho,(G,L) (C) =

We first derive upper and lower bounds for marginal probabilities from Condition 6.2.
Lemma 6.8. Let .Z be a downward closed family of list colouring instances satisfying Condition 6.2 with
parameters y > 0 and 0 < ¢; < 1 and €, > 0. For any instance (G = (V,E), L) € .Z, it holds that

1
exy+1

1
Ve e L(v), ——— < <
CELO). s S Moo (©

17



Proof. The upper bound is directly from Condition 6.2. So we only need to prove the lower bound.
Fix an instance (G, L) € .Z. Since .Z is downward closed, each instance (G,, L) € .Z, where (Gy, Li.)
is defined in Proposition 6.7. By the recursion in Proposition 6.7, we have

X
1
TT72) (1 = toy (GouLie) (€)) o (1 B fzx+1) o 1
DeeL(o 11 (1 —un,»,(Gv,L,-,cr)(C’)) - @ e L)

This proves the lower bound. ]

Ho,(G,L) (C) =

Now, we are ready to prove Lemma 6.6.

Proof of Lemma 6.6. Consider the list colouring instance (G = (V,E), L). Fix a vertex u and two colours
c1,¢2 € L(u). Define a list colouring instance £; = (G, L1) = Ping, ({u}, ¢1), where G, is the subgraph of
G induced by V' \ {u} and L; = {L1(w) | w € V' \ {u}}. Define a list colouring instance £, = (Gy, L;) =
Ping 1 ({u}, c2), where L, = {Ly(w) | w € V '\ {u}}. Then

u—cy

Vo#ru, s ()=o) my o ()= per, ()

Since (G, L) € .Z and .Z is downward closed, it holds that both £, £, € .Z. By Lemma 6.8, for any v # u,

1
et/e Ly (v)]

1
el/ez|Ly(v)|
On the other hand, since £, £, € .Z, for any v € V, it holds that |L;(v)| > 2 and |L,(v)| > 2 (otherwise,
the upper bound for the marginals in Condition 6.2 cannot hold). By the definitions of £; and £, it holds
that |L1(v) N Ly(v)| = min{|L;(v), Ly(v)|} — 1 and | |Li(v)| — |L2(0)| | < 1. Thus, we can couple 1, ,(-) and
Uy, 1, () with success probability at least

Ve e Li(v) 1 por,(c) >

Ve e Ly(v) 1 pyr,(c) =

(o L}, mnlLo.Lw) -
n , 2
ceL; (o)L (v) el/e |Ly(v)| el/e |Ly (o) e/e max{|L; (0)], |L2(v)[}
1 min(|L@)] LE) -1 1
= dle min{|Lo)], L@ +1 - 3e/a
By the coupling inequality (Proposition 2.2), we have for any ¢y, c; € L(u) and any v # u,

- - 1
drv (ﬂZ’(GC’lL),HZ’(GC’ZL)) = drv (Ho,£, Ho,£,) < 1— 3ol
By the definition of Rg 1, we have that
Z Rg.1(u,0) < (1— Sel/82)(|V|—1). O
veV:wwtu

6.3. Recursive coupling. We then prove the second part of Lemma 6.4.

Lemma 6.9. Let .Z be a downward closed family of list colouring instances satisfying Condition 6.2 with
parameters y > 0,0 < ¢ < 1 and &, > 0. For any instance (G = (V,E), L) € .Z, it holds that

1
VueV, > Rou(uo) < ———.
veV:vtu (1 a gl)gz
We use the following lemma to prove Lemma 6.9.
Definition 6.10 (self-avoiding walk (SAW)). A path P = (v, 0y, ...,0,) in a graph G is called a self-avoiding

walk (SAW) if each v; and v;4; are adjacent and v; # v; for all i # j.
18



Lemma 6.11. Let .Z be a downward closed family of list colouring instances satisfying Condition 6.2 with
parameters y > 0,0 < &1 < 1 and e, > 0. For any instance (G = (V,E), L) € .Z and any two verticesu,v € V
with u # v, it holds that

(19) Re,(u,0) < — Z l—[

E1€
192 saw P = (on, s, . .., 0g) k=1
u=uv andv=uvp

T (vkc) \ {vl li <k}l

where I (vx) is the neighbourhood of vx in G.

We remark that the denominator of each ratio in the RHS of (19) is positive because vx.1 € T (vk) \ {o; |
i<k}foralll <k <¢-1.Lemma 6.11 is proved in Section 6.3.1 via a recursive coupling argument.
Now, we are ready to prove Lemma 6.9.

Proof of Lemma 6.9. Fix (G = (V,E),L) € Z. For any vertex u € V and any integer £ > 1, we use
P} to denote the set of all SAWs from u that contains ¢ vertices. Formally, P} = {P = (v1,02,...,0) |
Pisa SAW,v; = u}. We claim that

&1

(20) Vuev,e>1, > 1—[ <l
SAW P=(0y,03,...0) €P¥ k=1 ITe (o) \ {oi | £ <k}

We now use (20) to prove Lemma 6.9. By Lemma 6.11, for any u € V,

1
YR TIA SRS YR | (RS e

veV:vtu veV:0#u SAW P=(01,0s,...,0¢) k=1
u=ovand v =0,

1 hd &
(%) €162 . Z Z 1—[ TG (vr) \ {;l | i<k}

=2 SAW P= (Ul U2,..., H[) EPu k=1

IA

IA

1 < 1
(by (20) 24 = e
where () is due to the fact that v # u implies all SAWs in consideration are of length at least 2. This
proves Lemma 6.9.
We then prove (20) by an induction on ¢. If £ = 1, the LHS of (20) is 1, thus (20) holds trivially. Sup-
pose (20) holds for all ¢ < t, we prove it for £ =t + 1. Let P}~ denote the set of all SAWs from u to v that
contains t vertices. Formally,

P 2 {P =u0y,0y...,0;, | PisaSAW,v; = u,0; = v}.

Hence, P} = U,y P/7° If P € P}, is a SAW such that P = v4,0y,...,04,0s41, then the prefix P’ =
01,0, ..., 0; is in the set P}

and v;41 € Ig(vy) \ {0; | i < t}, and vice versa. This implies that

(21) Pt = U {(P,w) | P=(v1 =u,0y...,00=0) € P} 7% welg) \{v;]i< t}},
veV
19



where (P, w) is the path obtained by appending w at the end of the path P. We have

t
&

YueV, |I‘G(z)k) \ {Z),‘ | i< k}l

SAW P:(Ul,vz,...,vt+1) EP;‘_H k=1

£
(by (21)) =2, 2, 2, 1_[ Toto0 o 17 <5

eV SAW P=(v1,0s,...,0;) €P} 7Y welg (v)\{o;li<t} k=1
t—1

&1

e (0x) \ {oi | i <k}

(%) <é& -
veV SAW P=(v1,0,...,0;) €EPF7 k=1

t-1
&1

ITo (o) \ {oi | i < Kk}

=& -
SAW P=(v1,0;,...,0¢) €P} k=1
(by LH.) <el.

The inequality (%) holds because I';(v) \ {v; | i < t} =T (v;) \ {v; | i <t} (due to v; = v). We remark the
(%) is an inequality rather than an equality because I'(v) \ {v; | i < t} can be empty. This proves (20). O

6.3.1. Influence bounds via recursion. Now we prove Lemma 6.11. The proof technique is based on the
“recursive coupling” introduced by Goldberg, Martin and Paterson [GMPO05].
We introduce some definitions. Let (G, L) be a list colouring instance, where G = (V, E). Fix a vertex

u € V and two colours ¢y, c; € L(u). Let wy, wy, ..., w,, denote the neighbours of u in graph G, where
m = deg;(u). Forany 0 < k < m, we define a list colouring instance (G, L;;*): The graph G, = G[V\{u}]

is obtained by removing vertex u from G. The colour list L’ is obtained by removing the colour ¢; from

the lists L(wy) for ¢ < k, and removing the colour ¢, for the hsts L(wy) for £ > k. Formally,

L(v)\ {c1} ifoe{w,wy...,wr1}
(22) VoeV\{u}: L% (0) =1L(0) \{cz} ifo € {wrpr, Whsa,..., Wi}
L(v) ifo & Tg(u) orv = wg.

Lemma 6.12. Let .Z be a downward closed family of list colouring instances satisfying Condition 6.2 with
parameters y > 0,0 < & < 1 and e, > 0. For any (G = (V,E), L) € .Z, the following result holds. Fix a pair
of verticesu,v € V. Let wy, wy, .. o> Wdeg, (u) denote the neighbours of u in G. Let ¢y, c; € L(u) be the colours
achieving the maximum in (18) (breaking ties arbitrarily). Then,

1 ifu=uv;
Rg1(u,0) <40 ifu and v are disconnected in G;
degG (u) R .
crez (Wg,0)  otherwise.
Z Gu’LuTk 2 (W, 0)

where for all1 < k < degg;(u),

. £1 1 )
@ = min , .
degg (wi) &2y +1
1
We remark that if deg; (wi) = 0, then by convention we have w T
Now we use Lemma 6.12 to derive Lemma 6.11 and defer the proof of Lemma 6.12 to Section 6.3.2.

= oo and thus a; =

Proof of Lemma 6.11. Suppose (G = (V,E),L) € Z. It is clear that the instance (G,, Lc1 Cz) obtained from

(G, L) is also in .. Hence, we can use Lemma 6.12 recursively. This implies that for any (G, L) € .%, any
20



u,v eV,

¢
< . £1 1
(23) R p(u,0) < . ;DZ ’’’’’ . g min ( o) (o |1 <K gt 1
u=ov and v =0,

If u and v are disconnected, then R 1.(u, v) = 0, and in this case, the RHS of (19) is 0 because there is no
SAW from u to v, thus (19) holds. So in the following we assume that u and v are connected.

Our goal is to prove (19). Comparing (23) with (19), the main difference is the range of k in the product.
We will trade the last factor of 82; — for k = ¢ by a factor of g—); for k = 1, with a loss of i

More precisely, by (23), we have

(%) 1 &1

Rg,1(u,v) < Z (l_[ )

X+ Gwp oo o) [T (o) \ {o; | i <k}
u=uvand o =0y

X
(as 0 < deg(v1) < y) < —-
Boto = X a(ezxn)SAWP:(;vz ,,,,, n|rc<vk>\{vl|z<k}|
uzvlandz;:v(

1 " &1
o 2 (ﬂ T (o) \ {oi | i < k}|)’

SAW P = (vq,00,. .., vr)
u=v and v =0,
where inequality (%) holds due to (23) and ¢ > 2 (since u # v). Note that in the formula above, it holds that

ITg(vx) \ {v; | i < k}| > 0foralll < k < £—1Dbecause vgy; € Ig(vr) \{v; | i < k}. This proves Lemma 6.11.
O

IA

6.3.2. Establish recursion via coupling. Next, we prove Lemma 6.12. Fix an instance (G = (V,E),L) € .Z.
Fixavertexu € V. Let ¢y, co € L(u) be the colours achieving the maximum in (18) (breaking ties arbitrarily).
Our goal is to bound

_ u<—cq u—cy
Rop(wo) = max drv (G ian)

Ifu = v, then Rg 1 (u,v) < 1. Ifu and v are disconnected in G, then Rg (1, v) = 0. In the rest of this section,
we assume u # v and u, v are connected in graph G.

Let wy, wy, ..., Wy, denote the neighbours of u in G, where m = deg;(u). We construct a graph G’ from
G as follows. We remove the vertex u from the graph G, add m new vertices uy, uy, . . ., Uy, and then add m
new edges {u;, w; }. Finally, we define a set of colour lists L’ = {L"(v) | v € V\ {u} U {uy, up, ..., um}} as

L'(0) & L(u) ifo e {u,u,...,um}
YT \Le) ifoeV\{u.

This defines a new list colouring instance (G’, L’). Figure 1 gives a small example.
For each 0 < k < m, we define a set of partial colourings o on {uy, us, ..., um} by

( )A C1 lf1S]Sk
orluU;) =
BT e, ifk+1<j<m

Uu«cy _ ,.00

o(G.D) = Holc1r) By the triangle inequality, we have

Then, it holds that “Z((_GCIL) = ,ug( .1y and y

u«—c u«—c _ O Om
(24) drv ('uo,(G,lL)"uz),(G,ZL)) = drv ('uz),O(G’,L’)"uv,(G’ v ) Z drv ( Holanuy oo ) ’
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u o Ul ® U2 o U3 ® Uy

wi w2 w3 Wiy — Wl eWw2 @W3 @W
[ L L L ]
graph G graph G’

Ficure 1. Split vertex u to modify the graph G to G’

We now bound dtv (,uj’zg, oy ,uZ’Z U ) for each 1 < k < m. Consider the following coupling procedure C.

e sample ¢, ¢’ € L’(wy) = L(wg) from the optimal coupling of ;1 and p%*

(G’ L)
Of—1, W <C O, Wk<—C
(G',L) o (GL)
By the definition of ox and ox_1, they differ only at one vertex uy. By the construction of the graph G’,
uy. is only adjacent to wi. Then conditional on the colour of wy, the colour of 4y is independent from the

colour of v. Hence, in this coupling, we know that ¢, # c, can happen only ifc # ¢’. Since ¢, ¢’ are sampled

we, (G, L')"

e sample c,, c;, from the optimal coupling of y and p

from the optimal coupling, we have Pr¢ [c # ¢’] = d1v (llw (GL) N we (G’ ) Therefore,
dTV (ﬂj,]zg’,L’)’ 'UZZIEG’,L’)) S Prc [CZ) i C;]
Ok—1, W< C o’k,wk(—c')

Of— ok
< dTV ('uwk,EG’,L')’ 'uwk,(G',L')) : C,C’Ieriag(wk) dTV (IJU’(GI,L/) "uv,(G’,L’)

Recall that the graph G, is obtained by removing u from G, and the colour lists LZI;: ? is defined in (22).
We can further derive

ok ok Ok, Wk—C  Of, Wi’
dry ( ooy 'uv,(G’,L’)) < dry (”Wk (6.1 Fo (.1 )) e ol o) drv (llu,(é',L') Ho(Gr, 1) )
_ O-1 . W e—c wie—c
(*) = dTV (/ka (G.L') IJWk <2 L’)) C’C/E[I,l;ll%)z((wk) dTV ('UZ) (Gu Lcl Cz)’ llv (Gu Lcl Cz))

(25) = dTV (IJZ—V];;%G’,L/)’ ﬂ:’v’;,(G',L’)) ° RGu)LlT;:Z (Wka Z)).

Equation (x) holds due to L’(wg) = L(wx) = L*(wx) and the definitions of instances (G’, L) and
(Gu, L.

Now, our task is reduced to bound dtv (yi’:éG, L,),,u;’; © L,)). Let S denote {uy,...,un,}. We define

two list colouring instances (G*,L*) = Ping 1/ (S, 0k-1) and (G;, L;) = Ping 1/(S,0r). Then we have

'u:-vZTEG’,L’) = ,uwk,(GT,L* and ,u e, (G',L") ,ka,(G;')LZ). Thus

(26) dTV (IJZIZ:EG,,L/)’ lli’;,(G,,L’)) = dTV (IJWk,(GT,LT)’ /’ka’(G;,L;)) .

Besides, G; = G, = G, and both (Gj, L]), (G}, L}) can be obtained from (G, L) by removing u and re-

moving certain colours from L(ux) for k = 1,...,m. So we have that (Gj, L}),(G;,L;) € £ since

< is downward closed. Moreover, the two collections of colour lists L] = {LT(U) loeV\ {u}} and

Ly = {L;(v) loeV\ {u}} can only differ at wi where L] (wi) = L(wi) \ {c2} and L (wi) = L(wy) \ {c1}.
We prove an auxiliary lemma.
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Lemma 6.13. Let deg;(wi) denote the degree of wi in G.

. €1 1
d ( * 1%, . L ) < , .
TV \ Hwi,(G},L})> Hwe, (G}, Ly) mm(degc(wk) eyt 1)

Proof. It suffices to prove that
(27) drv (,ka,(cl*,L;), Hwk,(G;,L;)) = max {#wk,(G;,L;)(CO,Hwk,(G;,L;)(Cz)} :

To see that (27) implies the lemma, note that (G, L) € 2, thus deg; (wi) = degs(wg) — 1 < y — 1. Since
(G}, L}), (G;, L) € Z, Condition 6.2 gives

{ (1) ( )} < mi &1 1 . &1 1
max [ =1y (c1), 4 =19 (C min , = min , .
Wi (GLLD) 5L Fwe (G,13) 152 degGu (wi) ex+1 degc(wk) -1 gy+1

It remains to verify (27). Note that assuming Condition 6.2, the distributions in (27) are well-defined.
Let (G, L) be a list colouring instance where L= {f(v) |loeV\ {u}} differs from L] and L only on wy,

and L(wg) = L(w). For each colour c, define n(c) as the number of proper list colourings of (Gy, L) such
that the colour of wy is ¢. Note that n(c) = 0 if ¢ ¢ L(wg). Define

N2 Z n(c).

CGZ(Wk)\{Clscz}

We claim that

(28) d ( - . ) _ _ max{n(c1),n(c2)}
TV e (GLLD Hue (1) | = max{n(c1),n(cz)}’

1

This implies (27) as the RHS of (28) equals max {llwk,(G;,L*)(Cl),llwk,(G;,L;)(Cz)}- To show (28), we may

assume n(c;) > n(cy) first. Then,

PRI Pt G I N N, C I BN O M.
TV \ Hw,(G7,LY)> Hwi, (G}, L}) 2 5o N+n(c;) N+n(cz)| N+n(cr) N+n(c)
c Wi C1,C2
(as n(cy) = n(cy)) _1 N(n(c1) —n(cz)) 4 n(c1)N +n(cz)N +2n(c1)n(cz)
Ve 2\(N+n(c))(N+n(e;) ~ (N+n(e)(N +n(ca))
_ n(cy)
N +n(cy)’
Similarly, dtv (‘uWks(GT’L’{)’ﬂWk,(GQ‘,LZ)) = N’:L(n"‘(zzz) if n(cs) > n(cy). This shows (28). O

Combining (26) and Lemma 6.13, we have

Ok

dTV (I’lZ::(lGl,L/)’ ,Uuk’(G;,L/)) = dTV (,uwk,(G;{,LT): llwk,(G;,LZ))

1
(by Lemma 6.13) < min i , )
degs;(wr) =1 ey +1
. & 1
29 = min > >
(29) (degcu(wk) 62)(+1)

where G, is the subgraph of G induced by V' \ {u}. By (24), (25) and (29), we have

degs (u) e 1
R u,0) < min , -R cre2 (W, 0).
o) kZ:; (degGu(Wk) 62)(‘”) Gt (W)

This proves Lemma 6.12.
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6.4. Verify Condition 6.2 (Proof of Theorem 6.1). We first introduce the following lemma.

Lemma 6.14. Let (G = (V,E), L) be an instance of list colouring where G is triangle-freeand L = {L(v) | v € V}.
Let A > 3 be the maximum degree of G and é > 0 be a constant. Assume for everyv € V, it holds that

IL(v)| — deg;(v) > (o +6 - 1)A.

Let £ be the downward closure of (G, L). Then .Z satisfies Condition 6.2 with parameters y = A, &1 = 1
and e = 0.4 + 6.

__5_
a*+d
It is clear that Theorem 6.1 is a consequence of Lemma 6.14 and Theorem 6.3.

Proof of Theorem 6.1. Suppose the instance (G, L) satisfies the condition in (15). By Lemma 6.14, the down-
ward closure .Z of (G, L) satisfies Condition 6.2 with parameters y = A, ey =1 — ﬁ and & = 0.4+ 4. By
Theorem 6.3, we have

Tmix(g) < (9eé)(1+(1—€1)£2) 0 él)fz 10g (M)

2 _ _2 1 _a'+s 1 9
Note that £ = 5255 < 5and g = 5(0(’);5 5 g‘—4 < 35. Thus, we have
M
Thix(€) < (9e5)( 25) ( ) 9 5p)'* 9/6-10g (—) O
€

6.4.1. Proof of Lemma 6.14. We first remark that y > 3. We then claim that every instance (G = (V,E), L =
{L(v) | v € V}) € & satisfies

(30) Yo eV :|L(v)| —deg;(v) > (" +6—-1)y

and G is triangle-free. To see this, we only need to notice that (30) is preserved by the < relation, namely
if (G’, L") satisfies (30) and (G,L) < (G’,L’), then (G, L) satisfies (30) as well. This holds since by the
definition of <, (G, L) can be obtained from (G’, L’) by removing some vertex v and removing at most one
colour from the colour lists of v’s neighbours. Therefore, once the size of the colour list of certain vertex
u decreases by one, its degree must decrease by one as well. So the LHS of (30) never decreases. Besides,
it is easy to see all graphs in .Z are triangle-free.

By (30) and y > 3, for any (G,L) € Z, |L(v)| > deg;(v) +3(a* +5 — 1) > deg;(v) + 2 for any vertex v.
One can construct a proper list colouring using a simple greedy procedure. Hence, a proper list colouring
exists for any instance in .Z.

We fix a list colouring instance (G = (V,E), L) € .Z. We first prove

1 () 1
<

(31) Foen) S STy S vt

where (%) holds due to y > 3, so we can pick &, = 0.4 + §. Conditional on any colouring of I';(v),
vertex v has at least (" + § — 1)y available colours and therefore the marginal probability is at most
€3 +é_1) 7 < Toa +15))( —- Since 1, (G,1)(c) is a convex combination of these conditional probabilities, the
upper bound follows.

Next, fix a vertex v € V with deg;(v) < y — 1. We prove 1, (G,1)(c) < %, so we can pick

Let T 5 (v) = Tg(v) U {0} denote inclusive neighbourhood of v. We show that, conditional
on any colouring o of V' \ I';(v), the marginal probability u° G.L) (c) < %. Define a new instance

(G, L) = Ping,L(V \ T (v), o), where Pin.(-) is in Definition 6.5. Since .’ is downward closed, (G, L) € Z.
Let m = degs(v) = degz(v). It suffices to prove that

‘("1:1_0{+5

1-6/(a" +9)

(32) VeeL(v) =L(v), p, a1 (c) < -
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Note that if m = 0, (32) holds trivially. If m = 1 or m = 2, by (G, L) e &, x = 3 and (31), we have

1 (*) 1-6/(a” +5) 1-6/(a" +0)
Ho G0 (0) < — < ’
A (a*+5-1)y ~ 3(a*+6-1) — 2 m
where (%) holds because 3(a*i5_1) < 2(;+5) for all § > 0.

Now, we assume m > 3. Let v1,0s, ..., 0;,, denote the neighbours of v in G.Foreach1 <i < m, define
si = |L(v;)|, and for any colour b, let §;;, = 1if b € L(v;); and 8,5, = 0if b ¢ L(v;). Since G is a triangle-free
graph, we have for any V¢ € L(v) = L(v),

: (-3
imi(si—6ic) i=1 i - 1
mo(e _8.) Sin) ~ Sin )
beL(o) [Ti21(si = 6ip) Sverio) 17 (1 _ s_b) Sverio) [T (1 _ S_)
We give a lower bound for denominator. Let s, = |[L(v)|. By the AM-GM inequality, we have

oo X [(-2%)zs TT](-°

beL(v) i=1 beL(v) i=1

(33)  myen(©) =

1/s0

AP =L )

=1 peL(v)NL(v;)

where the last equality holds because ;, = 1if and only if b € L(v;). Note that (L(v) N L(v;)) € L(v;) and
s;i = |L(v;)|, which implies |L(v) N L(v;)| < s;. We have that

m 1 m 1 Si
— > i
111 [-5)=110-3)
=1 peL(v)NL(v;) i=1
Letp = (¢ + 5 — 1)m + 0.5. Since (G,L) € L andm= deg;(v) < y—1,forall1 <i<m,
siz2(@+6-Dy=2(a"+6-1)(m+1) =2 (" +5—-1)m+0.5=p.
Note that p > 1 because m > 3. Also note that f(x) = (1 — 1/x)* is increasing when x > 1. Then we have
Si mp
o (1 - 5—11) > (1 - 1—1)) . By (34), we have
mip
1)
2 =)= 0=)
beL(v) i=1 p

Since (G,L) € £ and m = deg;(0) < y—1,5, > m+ (a” +5—1))(>m+(a +6-1)(m+1) >=2m+p.
_mp

By the fact that p > 1, we have 2 % S m—+p and (1 - ;) < (1 _ _) g . By (33), we have

mp _mp

(35) qu)(éf)(c)s l(l_l) so < 1 (1_1) m+p.
o So p m+p P

To proof (32), we define the following function

m((a*+5-1)m+0.5)

mp.
m +p ( 1 ) e (at+6)m+0.5 ( 1 (@ +8)m+0.5

fm) =

p (a*+8—-1)m+0.5

By definition, y1, & 1) (c) < W In Lemma A.1, we show that f(m) is a decreasing function for m > 3.
Thus, we have

m

flm) = lim f(x) = (a"+8) exp (—a*i 5) .
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Thus, we have

1 ( 1 )(*)l. af  1-6/(a"+0)

1
~ < < . < =
Mo 6.1y (€) < mf(m) ~ m a+6 Ploss) = m a+o m

where (%) is due to the fact that exp ( al) = o". This proves (32) for all m > 3.

6.5. Tightness of the marginal upper bound. Our whole analysis relies on the upper bound of the mar-
ginal probabilities, which states that the marginal probability of v taking a specific colour is less than
the reciprocal value of v’s degree. Similar properties were also used in analysing strong spatial mix-
ing [GMP05, GKM15] or zero-free regions [LSS19] for graph colourings. A natural question is whether
the upper bound can be further improved.

In this section, we show that the bound |L(v)| > a*A + O(1) is tight for our technique based on the
upper bound of the marginal probabilities. This means that the bound in Theorem 6.1 is the best we can
achieve using current techniques. However, we also remark that the construction below only applies to
list colouring instances.

We show that there exists a list colouring instance (G, L) with triangle-free G such thatif |L(v)| < a*A-3
for some vertex v, then (G, L) does not have the desired marginal upper bound. Consider a star G = (V, E)
with (A + 1) vertices, where V = {0,01,0s,...,0a} and E = {{v,0;} | 1 < i < A}. Define colour lists L by
L(v)=[q] ={0,1,...,g—1}and L(v;) = [q —1] ={0,1,...,g -2} forall1 <i < A.

Proposition 6.15. Ifg < a*A — 3, then p, (6.1 (c) > m = &, where c is the colour g — 1.

Proof. We can calculate the probability that v takes the colour ¢ = g — 1 as follows

(¢-D* 1 !
Ho.G1L) (€) = o = an = ‘
@=D0=2% @00 (g (- ) (g Dep(-42) 1
If ¢ < a*A — 3, we can verify that (q — 2) exp (—%) + 1 < A. This proves the proposition. ]

Note that the graph G is a tree, which means that no matter how large we assume the girth of the graph
to be, such barrier of marginal upper bounds still exists.

Indeed, the upper bound (16) in Condition 6.2 is only required for vertices v with deg;(v) < y—1,buta
simple modification of the instance above can provide a counter example to Condition 6.2. Similar barriers
of the marginal upper bound also appear in [GMP05, GKM15, LSS19]. Finally, we remark that the barrier
discussed in this section only applies for our current technique, which is solely based on marginal upper
bounds. It may still be possible to improve the dependence between the number of colours and the degree
of the graph by exploiting spectral independence (Definition 1.2) through other means.
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APPENDIX A. COMPUTER ASSISTED PROOF
We give a computer-assisted proof for the following technical lemma used in the analysis for colouring.

1
a

Lemma A.1. Let a* ~ 1.763... be the solution of a* = exp (=) and § > 0 a real number. Define

x((a*+8-1)x+0.5)

(a* +8)x +0.5 ( 1 ) (@ +3)x+05

flx) =

x _(0(*+5—1)x+0.5
The function f is decreasing for x € [3, ).

Proof. Leta = a* + 6 — 1 > 0.763. Direct calculation yields f’(x) = A - B with

x(1+2ax)

_ 2 1+2(a+1)x
A= (2x*2ax = 1)(2(a+ D)x + 1 ! 1- ;
(2% (2ax - 1)(2(a + 1) ))( HM)
2
B=1+2x—4a°x* +8a(1+a)x’ +x (-1 +8a’x” — 2ax(1 + 2x) + 4a°x*(1 + 2x)) In (1 ~ 112 )
ax

It is easy to see that A > 0, so we only need to verify that B < 0. To see this, note that the term
—1+8a°x® — 2ax(1 + 2x) + 4a’x*(1 + 2x) = 2ax(1 + 2x)(2ax — 1) + (Sczfjx3 -1)>0
for any x > 3 and a > a* — 1. It follows from the Taylor series of In(1 — z) that

) 2 2 8/3 4

< - - - - .
T 142ax  (1+2ax)? (1+2ax)® (14 2ax)*
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Therefore we have
B < 1+2x —4a’*x? +8a(1 + a)x*
+x (—1+8a’x® — 2ax(1 + 2x) + 4a*x*(1 + 2x))
22 83 4 @,
1+2ax (1+2ax)? (1+2ax)® (1+2ax)* ’
where (%) is verified by the following Mathematica code:

Resolve[Exists[x,1+2x-4a*2x*2+8a(1+a)x*3+x(-1+8a*3x"*3-2a x(1+2x)+4
ar2x*2(1+2x))*(-(2/ (1+2a*x) ) -2/ (1+2axx)*2-(8/3) / (1+2axx) *3-4/(1+2axx) *4)>=0 && a>763/1000 && x>=3]]

O

Here we used the Resolve command in Mathematica. This is a rigorous implementation of a quantifier
elimination algorithm, which determines the feasibility of a collection of polynomial inequalities. For more
details, see [Str06].
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